On the infinite differentiability of the right edge in the
supercritical oriented percolation

Yu Zhang
June 26, 2004

Abstract

Consider the oriented percolation model. Let 7, be the right edge. By a subadditive
argument, it is known that

r
lim — = a(p) a.s. and in L.
n—oo n,

In this paper, we show «(p) is infinitely differentiable in p for all 1 > p > p.
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1 Introduction and statement of results.
Consider the graph with vertices
L ={(m,n) € Z® :m +n is even n > 0}

and oriented edges from (m,n) to (m + 1,n + 1) and to (m — 1,n + 1). Each edge is
independently open or closed with probability p or 1 — p. Let P, be the measure on the
sample space Hedge{open, closed} and E, be the expectation with respect to P,. For two
vertices v and v we say u — v if there is a sequence vy = u, vy, -+, v, = v of points of L
with the vertices v; = (24, y;) and vy = (211, yiy1) for 0 < i < m—1 such that y; 11 = y;+1
and v; and v;; are connected by an open edge. If there is no such a sequence, we say u /% v.
Define the oriented percolation cluster at (z,y) by

Ce ={(ay) € L: (x,y) — (" y)}.



Let
Q{(f;y) — {|C(r7y)| — oo}.

The critical point is defined by
pe = sup{p: B,(QLY) = 0}.

It is well known that
0<p.<l.

For A C (=00, 00), we denote a random subset by
¢4 ={x: 3 2’ € Asuch that (2/,0) — (x,n) for n > 0}.
The right edge for this set is defined by

7 = sup £(7°00) (sup ) = —o0).

We know (see page 1004 in Durrett, 1984) by using Kingman’s subadditive ergodic the-
orem that there exists a nonrandom constant a(p) such that
T'n

lim — = i:%f{

n—oo n

E,r,
n

} = a(p) a.s. and in L. (1.1)

Similar to most subadditive random sequences, Kingman’s theorem tells us almost nothing
about the behavior of a(p). A large amount of work on oriented percolation has been focused
on the limit a(p). At this moment, it has been proved (see Durrett, 1984 and Bezuidenhout
and Grimmett, 1991) that

a(p) = —o0 if p < p., and a(p.) =0, and 1 > «a(p) > 0 if p > p..

Although it seems to be impossible to write «(p) explicitly when p > p., we would like to
understand the qualitative behavior of a(p) as a function of p. One can carry out the same
proof in Liggett’s book (Theorem 3.36 in Liggett 1985) to show the continuity of a(p) for
p € [pe, 1]. With the continuity it is natural to ask the smoothness of a(p). It is conjectured
that

lim a(p) =

plee (p — pe)
so a(p) should not have the left-hand derivative at p.. In this paper we will investigate the
differentiability for a(p) as 1 > p > p..



Theorem. a(p) is infinitely differentiable for all 1 > p > p,.

Our method in the proof of the Theorem depends on the fact (see Kuczek, 1989) that r,
can be almost decomposed into an i.i.d. sequence. With this decomposition we can represent
a(p) as a ratio of two expected values (see Lemma 1 below). Both terms in the ratio can be
factored out as two parts: P,(2%) and an infinite series with terms 4 times a probability
that depends only on the edges in the finite triangle with corners at (0,0), (4,7) and (—4,7).
The smoothness of the first part P,(Q2%) is well known in Durrett (1984). The probability
in the second part is just a polynomial with a degree about 2 so the k-th derivative of the
probability contributes at most i?*. Then exponential decay of the probability allows us to
add up the smoothness of the second part.

The method may not be applied for other subadditive processes such as the first passage
percolation model. In this model, the time constant p,(p), similar to «(p), is the limit of a
first passage time process, where p is the probability that an edge is open and x is a unit
vector as the direction. The continuity of p,(p) took many years to be solved by Cox and
Kesten (1981). But the differentiability for p,(p) still remains open. Moreover, Yukich and
Zhang (2004) showed that the time constant is not three times differentiable for some p and
x.

2 A representation of a(p).

We use the notations in Kuczek (1989) in this section. Let us denote

0,0
& =&,

and for n > 0,

¢ = {z:(y,n) — (xr,n+1) for some y € &} if this set is non empty
1 {n+1} otherwise.

Let
r, = sup&,.
On {£©09 =£ ()}, we know that r/, = r,. A vertex (z,n) € L is said to be a percolation point

if and only if
I(QEmMy = 1.

o

Let Ty, = 0 and for m > 1

T =inf{n >T,,_1+1:(r],n) is a percolation point}.



Define

Tl:T17T2:T2_T17”'7Tm:Tm_ m—1,
where 7; = 0 if T; and T;_; are infinity. Also define

o 0 / 0 /
Xo=rp, Xo=rp, —rp, Xon =71, —T1,

where X; = 0if T; = oo and T;_; = co. With these definitions, Kuczek (1989) proved the
following proposition.

Proposition. (Kuczek) Conditioned on Q%9 {(7;, X;)} are independently identically
distributed with all finite moments.

In fact, Kuczek (1989) shows 7, has all moments without the condition Q% . Moreover,
if we use Kuczek’s generating function argument (see page 1328 in Kuczek 1989), we can
even show that if p > p,., there exist C; and Cy depending only on p such that

Pp(Tl Z n) S Cl exp(—an)

for all n. But we will not use this strong argument in this paper.

With these observations we can give a representation of a(p). We denote by
P,(-) = Py(- | Q29 and E, the expected value respect to P,.

Lemma 1. If p > p., then -
EX,
N EpTl .

Proof. By the Proposition and a simple computation, we have

a(p)

0< E,X; <E,n <ocand0 < pP,(Q%Y) < E,7. (2.1)
By (2.1) and the ergodic theorem, we have

o = - , mXe =
lim LioaTi E,m >0 Pyas. and lim Z=1°2 = B X Pas. (2.2)

By (1.1) and P,(Q2%) > 0 we see that

lim = a(p) Pas (2.3)

n—oo n,

By the definitions of X; and 7; the sequence
Sy X

. Th =
———— is a subsequence of — P,-a.s.
Dty Ti n



Thus if p > p.,

E, X
a(p) = Efﬁ . O
Let
= — T1 lf‘C(O’O)‘ = 0
"7 {0} otherwise.
Similarly,

X_ - X1 lf ‘0(070)‘ = 0
"7 1 {0} otherwise.

Note that if p > p., P,(209) > 0 so by Lemma 1

_ Ele
- EA ]

a(p)

where E,7; > 0. Since a(p) > 0 for p > p. (see Durrett 1984),

oo > k7 > 0.

3 Proof of the Theorem

First we show a few lemmas before the proof of the Theorem.

Lemma 2. (Durrett 1984) If p > p,, P,(Q2©9) is infinitely differentiable.

For a given positive integer j we denote a polynomial f(p) by

fp)= > amap"(1—p)",

m,n<j

where a,, , is a positive constant.

Lemma 3. If 0 < p < 1,

Proof.



where x,, = z(x — 1) - -+ (x — r 4+ 1). By the binomial theorem,

dk

agg(p"(l —p)")| = |;§% <f>7zrnzk_rp"‘*(-1)k—r(1 ]

IR (N

IA

Therefore,

\j—;f<p>\sjf<p>(i+4)ksf<p>( I ) =

p l-p p(l=p)
Next we will show a lemma regarding the differentiability of E,X;.

Lemma 4. If 1 > p > p,, E,X; is infinitely differentiable.

Proof. We know that -
Ele - Z ij(Xl — j)

l71=1
By the definition of X; and 7; we have
Xl = 7"7——1.
We also know that
> | Xq| =4l (3.1)

since X is the right edge on the level 7. By (3.1)

> iR =i n=i) 32)

Ele == Z
i=1 j=—

For ¢ > 1, define the event
E =A{(r,1) / (x,i) for any = and for all 0 < <i—1}.

We also define the events

A= {(070) - (17 1)}a
B = {(an) 7 (1a 1)7 (an) - (_1a 1)}

With these events we have for ¢ > 2

{Xi=j.7=1it={(,i) — 0o} N{(0,0) = (i)} NE. (3.3)



For i = 1 we have

and
By (3.3)-(3.5)
E, X, = B,(Q%Y)[p +p(1 — +Z Z P((0,0) = (j.4), E)]. (3.6)

By Lemma 2 we only need to show that
=2 j=—i
is infinitely differentiable.
The event {(0,0) — (j,7)} N&; only depends on the edges in the triangle with corners at

(0,0), (—i,4) and (i,7). We know that the number of the edges in this triangle is less than
2i?. By this observation, we can decompose the probability of the event into

P,((0,0) — Z A (2, 7)™ (1 — p)™, (3.7)

n,m<2i2

where a,, ., is the number of subevents of

{(0,0) = (G0} N &

such that the triangle contains only n open and m closed edges. By lemma 3 for p. < p < 1
there exists a positive constant C(p, k) = C such that

22 \*"P(X) =47 =1i,) e
A, 7)P 1—p’”§< ) L ’ < OPRP(Xy =4, 7 =1).
dp* nm%lz pr{1=p)"| p(1—p) P, (020 H »=9)

(3.8)
Since 7; has all finite moments, by (3.8) and Markov’s inequality there exist constants
Ci(k,p) = Cy and Cy(k, p) = C5 such that

o0 o0 1
Z Z |j Z A (1, 7)p" (1 —p)™| < Cy Zz'%”Pp(ﬂ =1i) < (O Z X (3.9)
=2 ]——’l n m<222 =2 =2

Therefore, (3.9) shows that E,X; is k times differentiable for p, < p < 1. O



Next we show the differentiability of E,7;.
Lemma 5. If 1 > p > p., E,(71) is infinitely differentiable.

Proof. Note that
En =) iP(fi=i)=> 1Y P(Xi=4j7=1)
i1 i=1

j=—i

so the differentiability of E,7; follows from the same proof of Lemma 4. O

Proof the Theorem. We have shown that
EX
- EA ]

a(p)

where both E,X; and E,7; are infinitely differentiable and E,7; > 0. The Theorem now
follows by the calculus rules for taking derivatives.
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