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Abstract

Floquet theory and its applications to spectral theory are dewel-
oped for periodic Scredinger operators on product graphs ,
where is a nite graph. The resohent and the spectrum have de-
tailed descriptions which involve the eigervalues and singularities of
the meromorphic Floquet matrix function. Existence and size esti-
mates for sequence®f spectral gapsare established.
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1 Intro duction

Among the interesting problemsposedby nanoscaletechnology is the anal-
ysis of propagation in periodic networks. Sud networks might be usedto
descrite paths for quartum medanical electronpropagationin “wires'which
are macroscopidn length, but have atomic scalewidth and thickness. These
geometriesare seenfor instance in single wall carbon nanotubes [17]. In
addition to electron propagation, there are analogousproblemsfor acoustic
or thermal propagation on sud networks. Motivated in part by theseappli-
cations, this work considersspectral problemsfor di erential equationson
certain periodic graphs.

Two methods of spectral analysis are available for periodic di erential
equations. The direct integral analysistypically usedfor partial di erential
equations[13, 16] o ers broad applicability, but makes sacri ces in detail.
The Floquet matrix analysismostcommonfor ordinary di erential equations
is not as exible, but often provides more detailed information and sharper
results. This work usesthe Floquet matrix approad to analyzeproducts of
nite graphs with the integergraph . The verticesof arethe integers,
and verticesm;n 2  are connectedby an edgeif andonly if n=m 1.
If V andV denotethe vertex setsof and respectively, then the graph
product G = has vertices (v;n) forv 2 V andn 2 V. Vertices
(vi;n1) and (v2; ny) are connectedin G if and only if ny = n, and vy; Vv, are
connectedin , or v; = Vv, and nq; n, are connectedin . The edgesof
are assumedto connectdistinct vertices.

Our dierential operators on the graph G are actually operators L =

D2 + g on the Hilbert space clL?(e). That is, the operators act on
functions de ned on a set of intervals indexed by the abstract edgesof the
graph. The edgesof will have length 1 and may be iderntied with the
intervals [m; m + 1]; the resulting topologicalgraph may beidenti ed with
the realline, with globalcoordinate x. The N(E) edgesof  will havelengths

for G are induced in the obvious way, and points on an edgeof G may be
descriked by pairs (v;x) for v2 V , or (t;;m) for m 2 V. The group of
integersactson Gby n: (v;x) ! (v;x+n)andn: (ti;m)! (ti;m+n). An
exampleof a graph G is illustrated in Figure 1.

The eigervalue equation

( D*+qy=y; 2 : (1)
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is basicto this study. The function y is complex valued on eat edge,and
the potertial q is assumedto be real valued, measurable,bounded, and in-
variant under the action by the group of integers. (The requiremen that q
be boundedcan certainly be relaxed,[7, p. 97], [10, pp. 343{346].)

Figure 1
A type of boundary value problem is createdby using the structure of G
to de ne vertex condition constrairts on admissiblesolutionsto (1). Denote
by ye the function y restricted to the edgee, and write e v if the vertex v
is an endpoint of the edgee. The conditions are

lim yeq) () = lim ye) (t);  €(1);6(2) v; (2

lim @ye(t) = O:
th v
e v
The rst condition requirescortinuity of y at the verticesof G. In the
secondcondition @ye(t) is the derivative in outward pointing local coordi-
nates,soin a xed setof local coordinates @ye(t) = yJ(t) if t is decreasingas
t approadesv along e, otherwise @ye(t) = y2(t). Thesevertex conditions
may be usedto de ne adomainonwhich L = D?+ qis selfadjoint on the
Hilbert space eclL?(€). Details are provided in [4, 5].
In overview the dewelopmert unfolds asfollows. On the edgesof G where
X is not an integer, (1) is a system of ordinary di erential equationson
intervals m < x < m + 1. Solutions satisfying (2) are linked by transition
matrices assaiated to , and satisfy an existenceand uniquenesstheorem
like that for di erential equationson , exceptfor in aset p comprising
the Dirichlet eigervaluesfrom the edgesof . Simple examplesshov that
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points in p may be eigervaluesof L on G, this feature of quartum graphs
is not presen in classicalSdreodinger equationswith periodic coe cien ts.

The existenceand uniquenessresult enablesus to construct a Floquet
matrix type represetion for the action of translation by 1 on the spaceof
solutions to (1) satisfying (2) if 2 p. When the potential g is even
on the edgesof , the Floquet matrix is symplecticfor 2 and hasa
meromorphiccortinuation for 2  with polesin . This combination of
structural featuresis quite helpful in establishingthe existenceof sequences
of spectral gaps.

The spectral theoretic consequencesf Floquet theory are developedwhen
gis evenon the edgesof . Theresohert R( )= (L | ) ?!isconstructed
in two parts, with a particularly simple represetation when R( ) acts on
functions which vanish on the subgraphs m. As one expects, the spec-
trum of L consistsof the set ; wherethe Floquet matrix hasan eigervalue
of absolute value 1, together with a subsetof . Having connectedthe
spectrum of L with the multipliers of the Floquet matrix, the existenceof
spectral gapsis considered.A rich classof exampleswith anin nite sequence
of gapsis constructed under the unexpected hypothesisthat is not a bi-
partite graph. These examplesexhibit a robust structure which allows us
to establishgap size estimateswith minimal symmetry assumptionson the
potential.

The recer survey [14] may be consultedfor an extensiwe list of references
on the history, physical interpretations, and results in partial di erential
equationsrelated to this work. The applicability of PDE techniquesfor the
spectral analysisof a broad classof periodic di erence operators on graphs
was noted in [12]. The useof geometricscatterersto open spectral gapshas
been previously explored in other cortexts. A periodic problem with wide
gapswas discussedin [3]. Recen work [18] on decoratedgraphs does not
require periodicity, and also makesuse of meromorphicfunctions in opening
spectral gaps. The paper [19], which treats perturbation theory for eigerval-
uesof in nite multiplicit y inside gapsfor a di erent type of graph, provided
someof the motivation for this work. The author thanks Peter Kuchmert
for helpful commerts.
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2 The Floquet matrix

2.1 Symplectic matrices and the Wronskian

Somebasic material on symplectic matrices [2, p. 219],[11, p. 11] will be
helpful. Let

On I

In On

Areal2N 2N matrix T is symplecticif

J =

TUIT = J:

Extending this de nition, a complex2N 2N matrix T is J-unitary if

TJIT=2J:
The characteristic polynomial p( ) = det(T I) of a symplectic matrix
satis es [2, p. 226]
p()= Np(1=);

or equivalertly, the coe cien ts a, of p( ) satisfy a = azy ;. It follows that
the eigervaluesof a symplecticmatrix are symmetric with respectto the unit
circle and the real axis.
For complexvectorsW; Z with 2N componens w;; z; we let
XN
hw; Zi = W Z:

i=1

In terms of this form T is J-unitary if and only if
NTW;TZi = W, Zi; w;z2 .
For notational corveniencede ne
W;Z]=hw;zi; w,;z2 .

Supposethat Q(x) isanN N matrix valuedfunction de ned onaninter-
val with Q(x) = Q (x). The corvertional Wronski idertity hasan extension
to equations

Y% Q(x)Y = Y: (3)
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Taking adjoints gives
(Y )% )+ Y (% )Q(X) = Y (x5 ):

If U(x; )andV(x; )areN N matrix valuedfunctions satisfying (3) then
simple algebraleadsto

V6 U ) (V)R% Uk ) = 0;
sothe matrix Wronskian
WU VG )=V (6 )Uxx ) (V)T U )
is a constart. For notational corveniencede ne
LI()=L()
for matrix functionsL( ) of 2 ; then
WU )Vix )= VI (vhu

Supposethe columnsof U(x; ) and V(x; ) are U; and V;. The matrix
Wronskian W (U; V) hasertries

WUV = e Oy Oi= [ge O o OF

This givesthe following result.

Lemma 2.1. Suppsethat T( ) isa2N 2N J-unitary matrix for 2
andthe N N matrix functions O(x; ) and V(x; ) satisfy

O(xo; ) UXo; ) . V(X0 )

_ V(Xo; )
O%%o; ) TO) U%xo; ) Vqxo; )

=T0) VXo; )

Then

W(O;V)(x0; ) = W(U;V)(Xo; ):
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2.2 Unique contin uation

The dewelopmen of Floquet theory for solutions of (1) satisfying (2) begins
with a lemma on unique cortinuation of solutions. Pick someerumeration
of the N (V) verticesof . Onthe N (V) edgesof G connectingvertices(v; 0)
and (v; 1), where0 < x < 1, equation (1) may be written as

0 1 0 1
aw(x) 0 i 0 ya(x; )
Yo% @ 0 (x) ::: 0 AY=Y; Yzab : K (4)

0 0 i uw(X) ynoy (6 )

and the vector Y of solutionsis uniquely determinedby its initial data

Y(©O*; ) .
Yqo*; ) ®)

The set of solutions of (1) hasa standard basiswhich may be written asthe
columns of the (diagonal) N(V) N (V) matrix functions C(x; ), S(x; )
which satisfy (1) for 0 < x < 1 with the initial conditions

C@0"; )= In(vy; S(0*; )= On vy (6)
CO(O+; ) = Onv)s SO(O+; ) = Iny:
Extend theseedgesto a fundamertal domain in G by taking

U= (v;x); v2 ; 0<x<1;
U =( ;1)

and letting U = Uy [ U,.
Let co(t; );se(t; ) bethe basisof solutionsto (1) on e satisfying

0 )=1 s0; )=0; (7)
@ )=0; s)0; )= 1L

Recall [15, p.13]that for t in a boundedinterval there is a constart K sud
that

ot ) cogtt ) K= st ) sintt )= i K= (@)

p—  p- p_
jot )+ sin(t )i Ky jsd(t ) cogt ) K= > 0:
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Let p.e denotethe setof Dirichlet eigervaluesfor (1) onthe edgee2
that is, the setof 2  for which s¢(ri; ) = 0. Then de ne

[

D — D;e:
e2
Notice that in somecasespoints in  p will be eigervaluesof L of in nite
multiplicit y. Supposethat g= 0in (1), and that all edgesof G have length

1. Then we may piecetogetherthe functions sin( x) on a closedpath with
four edgesto build an eigenfunctionwhich vanisheso thesefour edges.

Lemma 2.2. For 2 n p each solution of (1) on Uy has a unique
continuation to a solution on G which satis es the vertex conditions (2).
Translation by 1 on G acts linearly on the extende solutions. With respect
to the standad basis of initial values (5) this linear transformation may be
written as multiplication on the left by a 2N (V) 2N (V) matrix valued
function T (),

_ o) s@tr) cL;) si;)
TO= cqrry ss) “ T8 e ) sws)

The 2N (V) 2N (V) matrix function T ( ) hasa meromorphic continu-
ation to the wholeplane with polesonly in p.

Proof. Continuation of solutionsto the right will be descrited. Supposee is
an edgein  with verticesv; and v,, and local coordinate t increasingfrom
O at vy tor at v,. If this copy of isat x = m, and y(x; ) satis es (1)
alongthe edge(vi;x) form 1< x< m, let

yvi i ) = limys ) yAv 5 ) = limydx )
If 2 p.then

Se(t; )
Se(r; )

z(t; ) = y(ves )ce(t )+ y(ve; ) y(vys )ce(r; )]

is the unique solution of (1) on e with z(0; ) = y(v,;; ) and z(r; ) =
y(v,; ). It follows that

1 .
Se(r; )’

290; )= [y(vo; ) y(vi; )ee(r; )] 9)
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and by the Wronski idertit y

Sy Y2 )se(ri ) y(vas ),
z(r; )= : 10
) Se(r; ) (10)
If 2 p then this proceduregivesus a unique solution z, on eat edge

e2 . Thesesolutionsare cortinued to the edge(v;;x) form< x< m+ 1
by usingthe initial data satisfying (2),

X
yv) = y(v ) yvt) = yiv ) @ze(V): (11)

e v

Writing v; for the secondvertex of the edgee with vertex v, and using (9),
(11) may be expresseds

y(v') = y(v ); (12)

X . X
yAv) = YAV )+ y(v ) fg; Sey((rveﬁ)):

In this description the solutionsce(t; ) and se¢(t; ) satisfy their initial con-
ditions at v, and e haslength re.
Thus the matrix for transition acrossthe graph  hasthe form

On

I'n
T = N =N();
O= uly i (V)
whereH ( ) hasertries

P o

N o yCl(re )=s(re; ); i=} o

Hij = 1=s(re; ); e= (vi;v); (13)
0; otherwise

It is straightforward to verify the remaining claims.

2.3 Structure of T( )

A description of the important featuresof the matrix T ( ) beginswith a
simple lemma.

Lemma 2.3. Thesetof 2 for whichT( ) hasan eigenvalue ( ) with
] ()j = 1is asubsetof the spectrum of L, whichis contained in a half line
[b;1)
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Proof. We make two preliminary remarks about D2+ . First, eah set

b.e IS CcOrtained in a half line [b;1 ) . Second,the operator L on L?(G)
is self adjoint and bounded below [4], soits spectrum is also cortained in
some[b;1 ).

Next, obsene that if 6  and T( ) has an eigervalue ( ) with
j ()j=1,then isin the spectrum of L. The argumert is essetially the
sameas for (1) on the line. Start with initial data which is an eigervector
for T( ) with eigervalue . The correspnding solution y of (1) extendsto

all of ,andy(x+ 1) = y(x). Multiply by a suitable sequencef cuto
functions |, to construct z, = ,y in the domain of L sud that kz,k = 1
and k(L )z k! 0. O

Theorem 2.4. The 2N(V) 2N(V) matrix function T( ) is real for 2
n p andhasdeterminantlforall 2 n p. For 2 n theeigenvalues
(multipliers) ( ) of T( ) fall into two groups,f «( ) jj «( )] < 1g and
f «()jj«() > 1g, each group having algebeic multiplicity N (V). If the
potential q is evenon the edgesof thenT( ) is sympleticfor 2 n p.

Proof. The formulasfor T( ) and T ( ) in Lemma 2.2 showv that T( ) is
realfor 2 n p. For 0< x < 1the matrix solutionsC(x; ), S(x; ) of
(4) satisfy the matrix Wronski idertity

(SH% )Cx ) S'(x )CY% ) = Iny 2

implying that
C™;) s@;) .
ca;) s

is symplectic. Sincethis matrix and T ( ) have determinart 1 for 2
the product formula of Lemmaz2.2 and meromorphiccortinuation shov T ()
hasdeterminart 1for 2 n p.

Supposeq(x) is even, that is invariant under re ection through the edge
midpoint, on eat edgee of . The nonzeroo -diagonal ertries Hj; ( ) in
(13)are 1=s(re; ), with the endpoints of e beingv; andyv;, andv; iderti ed
with t = 0 in the local coordinate. In terms of the local coordinate t used
for Hj; , the coordinate usedfor computation of H;; will ber t. If se(t; )
is the solution of (1) with initial data

2

Se(0; )= 0;
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appearingin Hj , then ®(t; ) = se(r t; ) isthe solution of (1) with initial

data
d=

G t)(r; ) =

appearingin H;j;. Sinces(r; ) = ®(0; ), the matrix H( ) is symmetric. It
is now easyto chek that T ( ) and T( ) aresymplecticfor 2 n p.

Sincethe coe cients a;( ) of the characteristic polynomial of T( ) are
polynomialsin the matrix erntries, which are meromorphicin , it followsthat
g () is meromorphic,with all polesin . The idertities a;( ) = ax j( ),
and the identity p( ; ) = ?Np(1=; ) arethusvalid for 2 n . For

2 n the matrix T( ) has no eigervalues on the unit circle by the
previous lemma. It is not hard to shav that that if is an eigervalue for
T( ), then 1= isonetoo, with the samealgebraicmultiplicit y. This nishes
the proof in caseq is even on eah edgeof

For g real, but not necessarilyeven on the edgesof , considerthe family
of selfadjoint operators

®((r; )=0;

L(s)= D2?+sq O s L

Pick ¢2 n . Whens= 0the multipliers ( o) split into the two clusters
asclaimed. The matricesT ( o;s) dependanalytically on's, and no multiplier
can have magnitude 1. Thus [10, pp. 67{68] the algebraic multiplicities of
fi «( )j> 1lgandfj ¢( )j < 1g areindependen of s.

]

3 The resolvent and spectrum of L

This sectiondescritesthe structure of the resohert R( )= (L 1) % The
analysisof the resohernt will provide a description of the spectrum of L in
terms of the multipliers of the Floquet matrix T( ). To obtain a relatively
simple description of the resohert, it is corveniert to decommselL ?(G) into
two closedorthogonal subspaces,

L2(G) = Hy Hy:

The subspaceH ; will consistof the squareintegrable functions which vanish
on the subgraphs( ;m) for m 2 |, while H, will consist of the square
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integrable functions which vanish on all the edgesm < x < m+ 1. The
subspaceH , will be further decompsed

H2: H£n

whereHJ" denotesthe functions vanishing on the complemen of ( ; m).

Let P, denotethe orthogonal projection from L?(G) to H;. The opera-
tor P1R( )P1 : Hy ! Hjy is known as a generalizedresohert for D2+ g
correspnding to the self adjoint operator L on the larger spacel?(G). By
viewing D?+ gonH; asthe nite system

D2+ cu(x) 0 i 0
0 D2+ gp(x) ::: 0 AY=1Y: (14
0 0 o D2+ oy (X)

on an interval (in this case(1 ;1)) it is possibleto take advantage of
previouswork on thesegeneralizedresohens [1, 8]. Becauseof our explicit
knowledge of the extensionwe will actually considerthe operator R( ) :
H,! L?(G), rather than the moretraditional generalizedresolert. Similar
considerationsapply to R( ) : H" I L%(G).

Following the next pair of linear algebraresults, we will typically assume
that g is even on the edgesof

3.1 Linear algebra

The following consequencesf the Jordan normal form will be useful.
Lemma 3.1. L hasno eigenvaluesn the complementof .

Proof. Supposethat 2 n p andthat is an eigenfunctionfor L with
eigervalue . By Lemma 2.2 is not identically O on 0 < x < 1, and the
cortinuation of to m < x < m+ 1 may be computedby applying T™( )
to the vector of initial datafor atx = 0". The usual Euclideannorm on

is equivalert to the L? norm on solutions of (1) on the interval 0< x < 1,
sothe fact that is squareintegrable meansthat

kT™ k! 00 m! 1 ; kk6O:

We will shaw that this condition is impossiblesinceT ( ) hasno eigervalues
equalto 0.
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By applying the similarity transformation putting T ( ) into a Jordan
normal form, the problem may be reducedto considerationof a matrix with
a single Jordan block

0 1
1 ::: 0
;- %o L 0§:
0 ::: 1
0O ::: O
Let X = (Xq1;:::;Xq;0;:::;0) be avector with last nonzeroentry xq4. Then

IX = X + (X2;::1;%¢;0;0;:::50)

and the d-th componert of J "X is Mxq4. If 6 0then it is impossibleto
have "X ! Ofor bothm! 1 andm! 1 . O

Lemma 3.2. Supmsethat r( ) isan N N matrix function continuous at
o- If all eigenvaluesof r( o) have magnitudelessthan 1, then there is a
neightorhood B of o and a positive integer k suchthat

krk( )k< 1, 2 B:

Proof. The matrix r( ) is similar to a matrix rq, r( o) = S *r;S, where
ri = D+ N is the sum of the diagonal matrix D, whoseertries are the
eigervaluesof r( o), and anilpotent matrix N of order| comnuting with D.

It follows that
X 1

k o
rk=(D+N)<= . DK INT:
j=0
It is elememary to ched that r¥, and hencer¥( o), have limit Oask! 1 .
The continuity of r( ) at ( then givesthe result. O

3.2 A Wronskian computation

Let ; denotethe setof 2  for which | «( )j = 1 for someeigervalue
k( ). A minor extensionof Theorem2.4shovsthat if 2 n( [ p)the
set of solutions of (1) satisfying (2) hasan N (V) dimensionalsubspacedJ on
which the translation y(x) ! y(x + 1) is invariant with all eigervalues ( )
satisfyingj xj < 1. De ne the analogoussubspaceV forj «j > 1. Let U(x; )
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andV(x; ) beN(V) N(V) matrix valued functions whosecolumnsform
basesfor U and V respectively.
Introducethe notation

u Vv
Y(x; )= uo Vo ;
and notice that Vi) vl

Lemma 3.3. Supwpse 2 n( i[ »p). Then

W(U;V) On vy

Jylgy =
On (v) W(V;U)

In addition, for each the Wronskian W(U;V) is a constant invertible
N(V) N(V) matrix for x2 n
Proof. Assumethat 2 n( i[ p). Direct computation gives

W(U:V)  W(V;V)

IYRY = Wy wv:u)

By our earlier obsenation the Wronskiancomprisingthe N(V) N (V) block

ertries of this matrix are constart on the intervalsm < x < m+ 1. Since

Jo (M+ D )=T() Jo (m":)

and similarly for V, Lemma2.1 gives
W(U;V)(m+ 1)7; ) = W(U;V)(m*; ):

The other blocks also have period 1, sothe blocks are independen of x 2
n .
The matrix ertries of W(U;U) satisfy both
W(U;U); (m™; ) = W(U;U); (075 )
and

WU )= T70) g 05 1TT0) o O
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For 2 n( [ p) all eigervaluesof T( ) acting on the span of the

columnsof
Uj
UJ-O
have absolutevalue lessthan 1, soby Lemma 3.2

. U 0
m | o — N (V)
A TR0 g 750 =00
and thus W(U;U) = Oy(v). The caseW (V; V) is similar.
Finally, sincethe columnsofY area basisof solutionsto (1) on0< x < 1,
the matrix Y(x; ) is invertible. This meansthat JY!J is also invertible.
Taking the product we seethat W (U;V) is invertible. O

3.3 The Resolvent on Hy
For 2 n( ;[ p)denetheN(V) N(V) matrix function

U(xy; )Ci( )V (X2; )i X1 Xp;

Ri(X1;Xz; ) = V(xy, )C (U (X2 )i Xa

(15)

where C,( ) = W (U;V). The function Ri(X1;X2; ) may then be used
to de ne an integral operator, initially de ned for vector functions on the
intervalm< x< m+ 1;

z m+1
(R1( )f)(x1) = Ri(X1;X2; )f (X2) dxz:

m

Theorem 3.4. For f 2 ywL?(m;m+ 1)and 2 n , the integral
operator Ry( ) is a representationof the resolvent(L | ) 1. The function
Ri( )f in L%(G) extendsanalyticallyto 2 n( o[ 1).

Proof. A direct computation shows that if
Z

g(x1) =  R(X1;X2; )f (x2) dxy;

then( D2+ q )g=f aslongasthe equations

Ux; )Cu( )V (x; ) V(% )C,()HU (x; )=0; (16)
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U )Cu( )V (6 ) VA% )G (U (%) = Inw):s
are satis ed.
Using Lemma 3.3, theseequationsare equivalert to

JY ()JY Céf(l;/U = VU ;
or
W(U;V) On C()v _ VvV |
On W (V; U) c,Hu ~— u

which is satis ed if C;( ) = W(U;V) L

Moreover if f has compact support in the interval (m; m + 1) then the
vertex conditions (2) are satis ed becauseg is a linear conbination of the
columnsof U for x > m+ 1andV for x < m. Moreover g is squareintegrable
on G becauseof the decay of U asx! 1 andV asx! 1 implied by
Lemma3.2.

To establishthe analytic cortinuation we want to show that the columns
of U(x; ) and V(x; ) can be chosenas analytic functions with squarein-
tegrable values on the appropriate "half graph’. For ¢ 2 n( p[ 1),
pick a basisfor the initial data for the functionsin U at . For near g
there is [10, pp. 368{369]a projection onto the generalizedeigenspacewith
] k()] < 1 which is analytic in . The extensionfrom analytic initial data
to analytic squareintegrablefunctions solving (1) with conditions(2) is then
completedwith the aid of Lemma 3.2. O

Theorem 3.5. For 2 n( p[ 1) theoperator Ry( ) is boundeal on H;.

Proof. Assumethat f 2 H;, and decommsef = P fm, wherethe projec-
tion fm = limex<m +14f vVanishesunlessm < x < m+ 1. We considerthe
calculation of g(x1) = Ry( )f forl < xy < I+ 1. If f,(x2) = frn(X2 + M),
the periodicity of L gives

a(x1) = (R()fm(xz2+ m))(x1) = (R()fm(x2))(x2 m); 0<xz< L.

The value of g(x;) for x; < 0 is determined by the valuefor 1< x < 0
and the unique continuation of solutions of (1) satisfying (2). For instance
if | < m we seethat

YA 1

(R(fm(x2))(x2 m)= ; V(xs m; )Ci()U (x2; )fm(xz) dxz
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YA 1
= Ve (m o) 1 )C " H)C(OHU (25 )fm(x2) dxe:

The columnsof the shifted matrix V are linear combinations of the un-
shifted version, the transformation for a shift by 1 being given by C,, which
haseigermvalues ( ) with j «( )j < 1. Lemma3.2shows that we have expo-
nertial decy of the iterates. Thusthereisanumber0< ( ) < 1(essetially
the value of j |j closestto 1) sud that

Zl XY Z|+1 X X _
ja(x1)i? ja(x)i> Cc (1 MkfLk)*

1 =1 I m

Notice that
T .
m
is the discretecornvolution of the sequencetk f ,kgand M. By usingFourier
seriesthis cornvolution is a boundedoperator on 12, Thus

X X
( Emike k)2 € kfnk?
| m m
and the integral operator with kernelR1(x1; X»; ) is a boundedoperator on

Hiyaslongas 2 n( p[ 1)
U

3.4 The resolvent on H)

We turn next to the structure of the resolert acting on functionsf 2 HJ.
Assumeat the start that 2 n . Pick an edgee 2 ( ;m) and take
f 2 L?(e), usinglocal coordinatest for e with 0 < t < r. Sincethe resohert
is aright inversefor L | ontheinterval 0< t < r; we may write
Z t
git; )=R()f = ct; )+ s(t; )+ G )()d; 0<t<r; (17)
0
wherec(t; ; ¢) and s(t; ; o) arethe solutionsof y%+ g(t;)y = y satis-
fying
c0; )=1; s(0; )=0;
X0; )=0 sY0; )=1;
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and
G(t; ; )=ct; )s(; ) st )e(; )

is the usual variation of parameterskernel.

Beyond the singleedgee the function g(t; ) must extendto a solution of
(1) satisfying (2) on G. It must alsobe squareintegrableon G. Given choices
of local coordinatest; for the other edgesof , the extendedfunction g(t; )
will have the form

o(t; )= ic(ti; )+ is(ti; ); O<ti<ry: (18)

On the edgeswith x > m and x < m respectively, the fact that the
vertex conditions and squareintegrability must be satis ed, together with
Lemma 3.2, forcesg to be a linear combination of the columnsU, and Vi of
the previouslyde ned N(V) N(V) matrix functionsU(x; ) andV(x; ),

X X
Uk, x> m; WM, x<m: (29)
K K

The cortinuity requiremen at the verticesof gives

X . X
kUk(m™; ) = kMe(m 5 ):
K K

Let beavertexof . Foredgesof incidert on ,letl denotethe set
of edgeindicesi for which haslocal coordinate 0, and let J denotethe set
of edgeindicesi for which  haslocal coordinate r;. At vertices 2  not
belongingto the edgee which contains the support of f , the vertex conditions

take the form X X
kUk( 5 ) = k(5 ) (20)
k k
= = jcrp; )+ ogs(ry; ), 1215523
X 0 X X X
kUe( 5 ) ARG E: i [ic<Xrs )+ sYr; )= o
K K i21 23

This form also holds at the vertex where the local coordinate on e (which
contains the support of f) is 0. At the vertex wherethe local coordinate
on eis r the vertex conditions have the modi ed form
X X
kUk( 5 ) = k(5 )= o )+ s(r; ) (21)
k k
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Zr
+ G )f()d = = jcry; )+ sy ), 1215723
X ° X X X

W5 ) ARG E i [cXrs )+ sAr5 )
k k i2 j230

cr; ) sy )= i @G(r; )f()d:

Sinceeat edgehastwo distinct endpoints, theseequationshave 2N (E) +
2N (V) unknowns i, i, k,and . If avertex 2 hasdegreed, and so
degreed+ 2in G, then the full setof cortinuity conditionsmay be written asa
setof d( )+ 1 equations. There is oneadditional equationfor the derivatives
at . Wethushave [d( )+ 2]= 2N(V)+ 2N (E) equations. Each solution
of this linear system provides a solution to the equation (L | )g = fe..
Since isin the resolert setthere is a unique solution, soour linear system
has unigue solutions and the coe cient matrix is invertible.

The enries of the coe cient matrix M ( ) are either ertire functions of

, orareoneof Uc( ; ), V(5 ), UA(; ), VX ; ). As obsened earlier, the
vector functions Uy, Vi may be chosento be analyticfor 2 n( p[ 1)
Consequetly the determinart of M ( ) can only vanish at a discrete set

2 n( o[ 1). From herethe argumen that R( ) : H, ! L2%(GQ
extendsto n( p[ 1[ ») asaboundedlinear operator (aswell asthe
analytic cortinuation argumen) is similar to that of Theorem 3.5.

Sincel is selfadjoint, the only possibleisolated singularities of the resol-
vern are eigervalues. By Lemma 3.1 there are no eigervaluesoutside the set

p. Putting theseargumerns together with Theorem 3.5 gives us the next
lemmaand the expectedidenti cation of the spectrum.

Lemma 3.6. Forf 2HMand 2 n ,theresolventg( )= (L 1) f
may be representel in the form (17), (18), (19) with coe cients satisfying
(20) and (21). The resolventextendsas a boundel operator valued function

to n( o[ 1)

Theorem 3.7. The spectrum  of L satis es

1 (ol o

The classicalspectral analysisof a selfadjoint ordinary di erential oper-
ator on an interval cortinueswith the dewelopmen of spectral measuresand
eigenfunction expansions[7] and [9, p. 1351]. Although these well-known
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methods are not directly applicable, their generalizationto extensionsof
symmetric ordinary di erential operatorson an interval to self adjoint oper-
ators on a larger Hilbert spacemay be used. This material is discussedn
[1, pp. 121{139],and [8]. For the operators consideredhere, the abstract
extensiontheory of symmetric operatorsin larger spacess enriched by the
more or lessexplicit description of the resolernt basedon Floquet matrices.

4 Spectral gaps

The structure of the Floquet matrix for translation by 1 was identied in
Lemma 2.2 and made use of the matrix H( ) de ned in (13). In light of
Theorem 3.7, the structure of H( ) can guarartee the existenceof spectral

gaps.
Theorem 4.1. Assumethat the edgesof are all of equal length, with the

samereal even potential. For near o 2 p the function T( ) hasa
Laurent ex@nsion

TO=C 9 ol sy +( OFO (22)

with F( ) analytic. If
On (v) On (v)
23
HoC( o) HoS( o) (23)
hasN (V) nonzep eigenvaluespounted with algebaic multiplicity, thenT ( )
hasno multipliers of modulus1 for suciently closeto .

Proof. Sincethe edgesof are all of equallength, with the samereal even
potertial, the functionss( ) = se(r; ) areall the same.Formula (13) shovs
that H( ) is meromorphic,with at worst simple polesat the roots of s( ).
The Floquet matrix hasthe form

c@ ;) S ;)
HC(1; )+CY1 ;) HS@; )+s4 ;)
Supposethat g isaroot of s( ). Then we may expandT ( ) to get (22).

Supposethe 2N (V) 2N (V) matrix (23) hasN (V) nonzeroeigervalues,

courted with algebraicmultiplicit y. Then T ( ) hasN (V) multipliers ( )
(counted with algebraicmultiplicit y) satisfying

lim j ()it 1

T()= (24)
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In particular theseeigervaluesare not of modulus 1, and sinceT ( ) is sym-
plecticfor 2 n p, no multipliers of T( ) have modulus 1 for near

0 2 D-
]

For the next results we introduce two matrices cortaining conbinatorial
information about . The N(V) N(V) adjacencymatrix A has enries
a; = 1if verticesv; and v; are connected,and O otherwise. D will denote
the constart diagonal matrix

whoseertries are the degrees,or number of incident edges,for the vertices
v;. To seethe role of this conmbinatorial data in the location of spectral gaps
somesimplifying assumptionsare made. Usethe notation of (7) for solutions
of (1) one2 , andlet ¢(x; ) and s(x; ) bethe analogoussolutionson an
edgewith 0< x < 1 and initial data given at 0" .

Theorem 4.2. Supmsethat the edgesof are all of equal length, with the
samereal evenpotential ¢, and that the edgeswith 0 < x < 1 havethe same
real potential . Supmsethat o2 p ands(l; o) 6 0. ThenT( ) hasno
multipliers of modulus1 for su ciently closeto g if

detfce(r; o)D A 16 0: (25)

Condition (25) is satis ed at an in nite seguene of such 4 if 2 is not an
eigenvalueof L= 1 D YA D

Proof. For notational cornveniencethe functions se(r; ), s(1; ), etc. are
written asse( ), s( ), etc. With theseassumptionsthe matrix H( ) then
hasthe form 1

HO)= oD Al
The matricesC(1 ; );:::;SY1 ; ) arenow scalar,so (24) becomes
_ ON ON C( )lN S( )lN
TOZ OO sOHO) T & sT)I

1
Se( )

[M1( ) + se( )M2( )]; N = N(V);
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where I

) On On :
Mil)=20) Db Al (D AT

_ o)l SO
M2() = @ ) Y )i

Sinces( o) 6 0the nonzeroeigervaluesof M 1( o); courted with algebraic
multiplicit y, arethoseof s( o)[c( o)D A ]. By assumptionthere areN (V)
nonzeroeigervalues. Sincesg( o) = 0the sameholdsfor M( )+ se( )M( ).
By Theorem4.1T ( ) hasno multipliers of modulus 1 for suciently close
to o.

Note that

()D A =D"[() D A D D

The estimates(8) give ce( o) ! 1forlarge (2 p. Force( o) suciently
closeto 1,the matrix co( o)D A will beinvertible if

| D ¥AD Y=L, 2
is invertible, which establisheshe last conclusion. I

Notice that L. is the combinatorial Laplacianof in the senseof Chung
[6, p. 3]. The conbinatorial Laplacian of a connectedgraph will have 2 as
an eigervalue if and only if it is bipartite [6, p. 7].

The next theoremshows that the existenceof a sequencef spectral gaps
guararteed by Theorem4.2 is typically a property of the graph , and not
the potertial g. The following preparatory lemma considersthe stability of
matrix eigervaluesunder certain typesof perturbations.

Lemma 4.3. Supmsethat M isa 2N 2N matrix

All ON + Pll P12

M=A+P=
On A P21 P2

whoseN N blacks satisfy the following conditions:
() Ay; and A,, are constant and similar to diagonalmatrices.
(i) The entries of P,; are boundal in magnitudeby b> 0.
(iif) The entries of P,, are boundel in magnitudeby ; > O.
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(iv) The entries of the blacks P,; and P,, are boundal in magnitude by
2> 0.

Then the eigenvaluesf M will convegeto thoseof A uniformly as =
max( 1; »; »b) goesto O.

Proof. Supposethat T, AT, and T, 1A,,T, are diagonal,and de ne

_ Tp Oy
™ o T

Since
T, 'PuuTy T, 'P1oTo

T, 'PuTy T, PypT,
the block estimatesare retained up to a constant factor, sothere is no loss

of generalily if A is assumedo be diagonalwith eigervalues 1;:::; on.
The characteristic polynomial hasthe standard form

T 'PT =

X W
p( )=det(l M)=sgn() [I M @m
m=1
W X 1 )
= ( m  Pmom) * G
m=1 k=0
Supposethat oneof the productsQﬁf1 [I M « cortains exactly| factors

j(Q);:::;) (1) areprecludedasfactors,andsincej (1);:::;j(I) N the factors
from theserowsare O( ,). Moreover every coe cient ¢ is a sumof products,
eah product cortaining at least one o diagonal factor, socc = O( ) if 0<
< 1
The proof is completedby recalling that the (suitably ordered) roots of
the characteristic polynomial vary cortinuously with the coe cien ts. O

We will needan arithmetic condition on the length r > 0 of the edges
of . Sa that r satis es condition A if the sequencg2n + 1)=r conains
a subsequence, which is uniformly bounded away from the integers. All
irrationals r satisfy this condition, but not the rationals r = 1=m.
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Theorem 4.4. Assumethat 2 is not an eigenvalueofL.= | D ™A D 2
and that the edgesof are all of equal lengthr, with even(but possiblydis-
tinct) potentials ¢.. Supmsethat r satis es condition A, and that

2n+ 1
k=G 2= (—)?
Pick numkers and with
0< < < 1=2
Then for k su ciently large, T ( ) hasno multipliers of modulus 1 for all
satisfying ) p_ p_ )
<] W< W > 0: (26)

Proof. Assumethat (26) holds. By the estimates (8) there are bounded
functions K{( ), K,( ) sud that

p—
sin(r K P- K
s()= 2 e Kp g ()= cogrt )+ B2
sin(r )
If k is large enoughthen by Taylor's Theorem
. P—-  P- P— P P—- P —
jsin(r )i 1 iocofr ) 1+ 0( k%)

implying in particular that
_ . P -
26 <jsinr )j<2r ¥

For sudh

p—
()= S s o

()= 1+0O( ); =max( 1=2; 1+ 2):
Usethe abbreviations

P— P—
ss=sin(r )= ; N;= A

s= sin(IO _):p_; c= cos(IO ):
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The multipliers of the Floquet matrix are the sameas those for

IN IN N

Olel?’—'r() o o (27)
_shs o, o0 s car)y Psail
" s, s HC@ ;)= HS@®;) s CcY1:)= sq;)

The above estimatesimply that
sH()=D A +o0o(1); k! 1:

Condition A insuresthat jsin(p j > 0, sothat

s C(; ) "sa)

s cY1;)=  s1u;)

The estimates(8) alsogive

=0( ), k! 1:

D . P
c ) cog I s@ ;)= D vo( Y

Again usingj sin(p )j > 0we nd in (27) that

Sr 0N p ON
s HC@ ;)= HS®;)
|
: B ON ON .
= SSCONIy + oL)] Nifly + ofL)

Notice that D A is a real symmetric matrix. From Lemma 4.3 the
eigervaluesof

approad those of

kﬁcm{),

sin( )
which is insuredby condition A. Sofor satisfying (26) and for k su cien tly
large, the Floquet matrix T ( ) hasN eigervaluesof magnitude bigger than
1. SinceT ( ) issymplecticfor 2 , there are no eigervaluesof magnitude

1. O



REFERENCES 25

References

[1] N. Akhiezer and I. Glazman, Theory of Linear Operators in Hilbert
Smce, vols 1 and 2, Dover, 1993.

[2] V. Arnold, Mathematial Methads of Classi@al Mechanics Springer-
Verlag, 1989.

[3] J. Avron and P. Exner and Y. Last, Periodic Schmdinger operators
with large gapsand Wannier-Stark ladders Physical Review Letters, 72
(1994), no. 6, 896{899.

[4] R. Carlson, Hill's equation for a homa@en@ustree, Electronic J. of Dif-
ferertial Equations, 1997(1997), 1-30.

[5] R. Carlson, Adjoint and self-adjoint di er ential operators on graphs
Electronic J. of Di erential Equations, 1998(1998), 1-10.

[6] F. Chung, Sgectral Graph Theory, AMS, Providence,1997.

[7] E. Coddington and N. Levinson, Theory of Ordinary Di er ential Equa-
tions, McGraw-Hill, New York, 1955.

[8] E. Coddington, Genemlized resolutions of the identity for symmetric
ordinary di er ential operators, Annals of Mathematics, 68 (1958), no.
2, 378{392.

[9] N. Dunford and J. Sdwartz, Linear Operators, Part Il, Interscience,
New York, 1964.

[10] T. Kato, Perturbation Theory for Linear Operators, Springer-\erlag,
New York, 1995.

[11] M. Krein, Topicsin Dier ential and Integral Equations and Operator
Theory, Birkhauser, Stuttgart, 1983.

[12] P. Kuchmen, To the Floquet theory of periodic di er ene equations
in Geometricaland Algebraical Aspectsin Seweral Complex Variables,
Cetraro, Italy, 1989,C. Berensteinand D. Struppa, eds.

[13] P. Kuchment Flogquet Theory for Partial Dier ential Equations
Birkheuser,Basel, 1993.



REFERENCES 26

[14] P. Kuchmert, Graph modelsfor wavesin thin structures Wavesin Ran-
dom Media, 12 (2002), R1-R24.

[15] J. Pesdtel and E. Trubowitz, Inverse Spectral Theory, AcademicPress,
Orlando, 1987.

[16] M. Reedand B. Simon, Methads of Modern Mathematical Physics: Anal-
ysis of Operators, AcademicPress,SanDiego 1978.

[17] R. Saito and G. Dresselhausand M. DresselhausPhysial Properties of
Carbon Nanotukes Imperial CollegePress,London 1998.

[18] J. Sthenker and M. Aizenman, The creation of spectral gapsby graph
decoration, Letters in Mathematical Physics, 53 (200), 253{262.

[19] A. Sololev and M. Solonyak, Schmdinger operators on homa@en®us
metric trees:sgctrum in gaps Rev. Math. Phys., 14 (2002), no. 5, 421{
467.



