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Abstract

Floquet theory and its applications to spectral theory are devel-
oped for periodic Schr•odinger operators on product graphs

�

� � ,
where

�

is a �nite graph. The resolvent and the spectrum have de-
tailed descriptions which involve the eigenvalues and singularities of
the meromorphic Floquet matrix function. Existence and size esti-
mates for sequencesof spectral gapsare established.
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1 In tro duction

Among the interesting problemsposedby nanoscaletechnology is the anal-
ysis of propagation in periodic networks. Such networks might be used to
describe paths for quantum mechanical electronpropagation in `wires' which
are macroscopicin length, but have atomic scalewidth and thickness.These
geometriesare seenfor instance in single wall carbon nanotubes [17]. In
addition to electron propagation, there are analogousproblemsfor acoustic
or thermal propagation on such networks. Motivated in part by theseappli-
cations, this work considersspectral problems for di�erential equationson
certain periodic graphs.

Two methods of spectral analysis are available for periodic di�erential
equations. The direct integral analysistypically usedfor partial di�erential
equations [13, 16] o�ers broad applicability, but makes sacri�ces in detail.
The Floquet matrix analysismost commonfor ordinary di�erential equations
is not as 
exible, but often provides more detailed information and sharper
results. This work usesthe Floquet matrix approach to analyzeproducts of
�nite graphs

�

with the integer graph � . The verticesof � are the integers,
and vertices m; n 2 � are connectedby an edgeif and only if n = m � 1.
If V� and V� denotethe vertex setsof

�

and � respectively, then the graph
product G =

�

� � has vertices (v; n) for v 2 V� and n 2 V� . Vertices
(v1; n1) and (v2; n2) are connectedin G if and only if n1 = n2 and v1; v2 are
connectedin

�

, or v1 = v2 and n1; n2 are connectedin � . The edgesof
�

are assumedto connectdistinct vertices.
Our di�erential operators on the graph G are actually operators L =

� D 2 + q on the Hilbert space� e2GL2(e). That is, the operators act on
functions de�ned on a set of intervals indexed by the abstract edgesof the
graph. The edgesof � will have length 1 and may be identi�ed with the
intervals [m; m + 1]; the resulting topologicalgraph � may be identi�ed with
the real line, with globalcoordinate x. The N (E) edgesof

�

will have lengths
r i , for i = 1; : : : ; N (E), and local coordinate t i , with 0 < t i < r i . Edgelengths
for G are induced in the obvious way, and points on an edgeof G may be
described by pairs (v; x) for v 2 V� , or (t i ; m) for m 2 V� . The group of
integersacts on G by n : (v; x) ! (v; x + n) and n : (t i ; m) ! (t i ; m + n). An
exampleof a graph G is illustrated in Figure 1.

The eigenvalue equation

(� D 2 + q)y = �y ; � 2 � : (1)
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is basic to this study. The function y is complex valued on each edge,and
the potential q is assumedto be real valued, measurable,bounded,and in-
variant under the action by the group of integers. (The requirement that q
be boundedcan certainly be relaxed, [7, p. 97], [10, pp. 343{346].)

  

   

 

Figure 1
A type of boundary value problem is createdby using the structure of G

to de�ne vertex condition constraints on admissiblesolutions to (1). Denote
by ye the function y restricted to the edgee, and write e � v if the vertex v
is an endpoint of the edgee. The conditions are

lim
t ! v

ye(1) (t) = lim
t ! v

ye(2) (t); e(1); e(2) � v; (2)

X

e� v

lim
t ! v

@� ye(t) = 0:

The �rst condition requirescontinuity of y at the vertices of G. In the
secondcondition @� ye(t) is the derivative in outward pointing local coordi-
nates,soin a �xed set of local coordinates@� ye(t) = y0

e(t) if t is decreasingas
t approachesv along e, otherwise@� ye(t) = � y0

e(t). Thesevertex conditions
may be usedto de�ne a domain on which L = � D 2 + q is self adjoint on the
Hilbert space� e2GL2(e). Details are provided in [4, 5].

In overview the development unfolds asfollows. On the edgesof G where
x is not an integer, (1) is a system of ordinary di�erential equations on
intervals m < x < m + 1. Solutions satisfying (2) are linked by transition
matrices associated to

�

, and satisfy an existenceand uniquenesstheorem
like that for di�erential equationson

�

, except for � in a set � D comprising
the Dirichlet eigenvalues from the edgesof

�

. Simple examplesshow that
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points in � D may be eigenvaluesof L on G; this feature of quantum graphs
is not present in classicalSchr•odinger equationswith periodic coe�cien ts.

The existenceand uniquenessresult enablesus to construct a Floquet
matrix type represention for the action of translation by 1 on the spaceof
solutions to (1) satisfying (2) if � =2 � D . When the potential q is even
on the edgesof

�

, the Floquet matrix is symplectic for � 2
�

and has a
meromorphiccontinuation for � 2 � with polesin � D . This combination of
structural featuresis quite helpful in establishingthe existenceof sequences
of spectral gaps.

The spectral theoretic consequencesof Floquet theory aredevelopedwhen
q is even on the edgesof

�

. The resolvent R(� ) = (L � �I ) � 1 is constructed
in two parts, with a particularly simple representation when R(� ) acts on
functions which vanish on the subgraphs

�

� m. As one expects, the spec-
trum of L consistsof the set � 1 wherethe Floquet matrix hasan eigenvalue
of absolute value 1, together with a subset of � D . Having connectedthe
spectrum of L with the multipliers of the Floquet matrix, the existenceof
spectral gapsis considered.A rich classof exampleswith an in�nite sequence
of gapsis constructed under the unexpected hypothesisthat

�

is not a bi-
partite graph. These examplesexhibit a robust structure which allows us
to establishgap sizeestimateswith minimal symmetry assumptionson the
potential.

The recent survey [14] may be consultedfor an extensive list of references
on the history, physical interpretations, and results in partial di�erential
equationsrelated to this work. The applicability of PDE techniquesfor the
spectral analysisof a broad classof periodic di�erence operators on graphs
was noted in [12]. The useof geometricscatterersto open spectral gapshas
beenpreviously explored in other contexts. A periodic problem with wide
gaps was discussedin [3]. Recent work [18] on decoratedgraphs does not
require periodicity, and alsomakesuseof meromorphicfunctions in opening
spectral gaps. The paper [19], which treats perturbation theory for eigenval-
uesof in�nite multiplicit y inside gapsfor a di�erent type of graph, provided
someof the motivation for this work. The author thanks Peter Kuchment
for helpful comments.
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2 The Flo quet matrix

2.1 Symplectic matrices and the Wronskian

Somebasic material on symplectic matrices [2, p. 219], [11, p. 11] will be
helpful. Let

J =
�

0N I N

� I N 0N

�
:

A real 2N � 2N matrix T is symplectic if

T tJT = J:

Extending this de�nition, a complex2N � 2N matrix T is J -unitary if

T � JT = J:

The characteristic polynomial p(� ) = det(T � � I ) of a symplectic matrix
satis�es [2, p. 226]

p(� ) = � 2N p(1=� );

or equivalently, the coe�cien ts ak of p(� ) satisfy aj = a2N � j . It follows that
the eigenvaluesof a symplecticmatrix aresymmetric with respect to the unit
circle and the real axis.

For complexvectorsW; Z with 2N components wi ; zi we let

hW; Z i =
2NX

i =1

wi zi :

In terms of this form T is J-unitary if and only if

hJTW; TZ i = hJW; Z i ; W; Z 2 �

2N :

For notational conveniencede�ne

[W; Z ] = hJW; Z i ; W; Z 2 �

2N :

Supposethat Q(x) is an N � N matrix valuedfunction de�ned on an inter-
val with Q(x) = Q� (x). The conventional Wronski identit y hasan extension
to equations

� Y 00+ Q(x)Y = �Y : (3)
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Taking adjoints gives

� (Y � )(x; � )00+ Y � (x; � )Q(x) = �Y � (x; � ):

If U(x; � ) and V(x; � ) are N � N matrix valued functions satisfying (3) then
simple algebraleadsto

V � (x; � )U00(x; � ) � (V � )00(x; � )U(x; � ) = 0;

so the matrix Wronskian

W(U(x; � ); V (x; � )) = V � (x; � )U0(x; � ) � (V � )0(x; � )U(x; � )

is a constant. For notational conveniencede�ne

L ] (� ) = L � (� )

for matrix functions L(� ) of � 2 � ; then

W(U(x; � ); V (x; � )) = V ] U0 � (V ] )0U:

Supposethe columnsof U(x; � ) and V(x; � ) are Ui and Vi . The matrix
Wronskian W(U;V) hasentries

W(U;V) ij = h
�

Uj

U0
j

�
(� ); J

�
Vi

V 0
i

�
(� )i = � [

�
Uj

U0
j

�
(� );

�
Vi

V 0
i

�
(� )]:

This givesthe following result.

Lemma 2.1. Supposethat T(� ) is a 2N � 2N J-unitary matrix for � 2
�

,
and the N � N matrix functions ~U(x; � ) and ~V(x; � ) satisfy

� ~U(x0; � )
~U0(x0; � )

�
= T(� )

�
U(x0; � )
U0(x0; � )

�
;

� ~V(x0; � )
~V 0(x0; � )

�
= T(� )

�
V (x0; � )
V 0(x0; � )

�
:

Then

W( ~U; ~V)(x0; � ) = W(U;V)(x0; � ):
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2.2 Unique contin uation

The development of Floquet theory for solutionsof (1) satisfying (2) begins
with a lemma on unique continuation of solutions. Pick someenumeration
of the N (V) verticesof

�

. On the N (V) edgesof G connectingvertices(v; 0)
and (v; 1), where0 < x < 1, equation (1) may be written as

� Y 00+

0

@
q1(x) 0 : : : 0

0 q2(x) : : : 0
0 0 : : : qN (V )(x)

1

A Y = �Y ; Y =

0

B
@

y1(x; � )
...

yN (V )(x; � )

1

C
A (4)

and the vector Y of solutions is uniquely determinedby its initial data
�

Y(0+ ; � )
Y 0(0+ ; � )

�
: (5)

The set of solutionsof (1) hasa standard basiswhich may be written as the
columns of the (diagonal) N (V) � N (V) matrix functions C(x; � ), S(x; � )
which satisfy (1) for 0 < x < 1 with the initial conditions

C(0+ ; � ) = I N (V ) ; S(0+ ; � ) = 0N (V ) ; (6)

C0(0+ ; � ) = 0N (V ) ; S0(0+ ; � ) = I N (V ) :

Extend theseedgesto a fundamental domain in G by taking

U0 = (v; x); v 2
�

; 0 < x < 1;
U1 = (

�

; 1);

and letting U = U0 [ U1.
Let ce(t; � ); se(t; � ) be the basisof solutions to (1) on e satisfying

ce(0; � ) = 1; se(0; � ) = 0; (7)

c0
e(0; � ) = 0; s0

e(0; � ) = 1:

Recall [15, p.13] that for t in a boundedinterval there is a constant K such
that

jce(t; � ) � cos(t
p

� )j � K =
p

�; jse(t; � ) � sin(t
p

� )=
p

� j � K =�; (8)

jc0
e(t; � ) +

p
� sin(t

p
� )j � K ; js0

e(t; � ) � cos(t
p

� )j � K =
p

�; � > 0:
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Let � D ;e denotethe set of Dirichlet eigenvaluesfor (1) on the edgee 2
�

,
that is, the set of � 2 � for which se(r i ; � ) = 0. Then de�ne

� D =
[

e2 �

� D ;e:

Notice that in somecasespoints in � D will be eigenvalues of L of in�nite
multiplicit y. Supposethat q = 0 in (1), and that all edgesof G have length
1. Then we may piecetogether the functions � sin(� x) on a closedpath with
four edgesto build an eigenfunctionwhich vanisheso� thesefour edges.

Lemma 2.2. For � 2 � n � D each solution of (1) on U0 has a unique
continuation to a solution on G which satis�es the vertex conditions (2).
Translation by 1 on G acts linearly on the extended solutions. With respect
to the standard basis of initial values (5) this linear transformation may be
written as multiplication on the left by a 2N (V) � 2N (V) matrix valued
function T (� ),

T (� ) =
�

C(1+ ; � ) S(1+ ; � )
C0(1+ ; � ) S0(1+ ; � )

�
= T� (� )

�
C(1� ; � ) S(1� ; � )
C0(1� ; � ) S0(1� ; � )

�
:

The 2N (V) � 2N (V) matrix function T� (� ) hasa meromorphic continu-
ation to the wholeplane with polesonly in � D .

Proof. Continuation of solutions to the right will be described. Supposee is
an edgein

�

with verticesv1 and v2, and local coordinate t increasingfrom
0 at v1 to r at v2. If this copy of

�

is at x = m, and y(x; � ) satis�es (1)
along the edge(vi ; x) for m � 1 < x < m, let

y(v�
i ; � ) = lim

x" m
y(x; � ); y0(v�

i ; � ) = lim
x" m

y0(x; � ):

If � =2 � D ;e then

z(t; � ) = y(v�
1 ; � )ce(t; � ) + [y(v�

2 ; � ) � y(v�
1 ; � )ce(r; � )]

se(t; � )
se(r; � )

is the unique solution of (1) on e with z(0; � ) = y(v�
1 ; � ) and z(r; � ) =

y(v�
2 ; � ). It follows that

z0(0; � ) = [y(v�
2 ; � ) � y(v�

1 ; � )ce(r; � )]
1

se(r; � )
; (9)
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and by the Wronski identit y

z0(r; � ) =
y(v�

2 ; � )s0
e(r; � ) � y(v�

1 ; � )
se(r; � )

: (10)

If � =2 � D then this proceduregivesus a unique solution ze on each edge
e 2

�

. Thesesolutions are continued to the edge(vi ; x) for m < x < m + 1
by using the initial data satisfying (2),

y(v+ ) = y(v� ); y0(v+ ) = y0(v� ) �
X

e� v

@� ze(v): (11)

Writing vt for the secondvertex of the edgee with vertex v, and using (9),
(11) may be expressedas

y(v+ ) = y(v� ); (12)

y0(v+ ) = y0(v� ) + y(v� )
X

e� v

ce(re; � )
se(re; � )

�
X

e� v

y(v�
t )

se(re; � )
:

In this description the solutions ce(t; � ) and se(t; � ) satisfy their initial con-
ditions at v, and e has length r e.

Thus the matrix for transition acrossthe graph
�

has the form

T� (� ) =
�

I N 0N

H (� ) I N

�
; N = N (V);

whereH (� ) hasentries

H ij =
n

P
e� v ce(re; � )=se(re; � ); i = j;

� 1=se(re; � ); e = (vi ; vj );
0; otherwise:

o
: (13)

It is straightforward to verify the remaining claims.

2.3 Structure of T (� )

A description of the important features of the matrix T (� ) begins with a
simple lemma.

Lemma 2.3. The set of � 2 � for which T (� ) has an eigenvalue� (� ) with
j� (� )j = 1 is a subsetof the spectrum of L , which is contained in a half line
[b;1 ) �

�

.
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Proof. We make two preliminary remarks about � D 2 + q. First, each set
� D ;e is contained in a half line [b;1 ) �

�

. Second,the operator L on L 2(G)
is self adjoint and bounded below [4], so its spectrum is also contained in
some[b;1 ).

Next, observe that if � 6= � D and T (� ) has an eigenvalue � (� ) with
j� (� )j = 1, then � is in the spectrum of L . The argument is essentially the
sameas for (1) on the line. Start with initial data which is an eigenvector
for T (� ) with eigenvalue � . The corresponding solution y of (1) extendsto
all of

�

� � , and y(x + 1) = � y(x). Multiply by a suitable sequenceof cuto�
functions � n to construct zn = � ny in the domain of L such that kznk = 1
and k(L � � )znk ! 0.

Theorem 2.4. The 2N (V) � 2N (V) matrix function T (� ) is real for � 2
�

n� D andhasdeterminant 1 for all � 2 � n� D . For � 2 � n
�

the eigenvalues
(multipliers) � k(� ) of T (� ) fall into two groups, f � k(� ) j j� k(� )j < 1g and
f � k(� ) j j� k(� )j > 1g, each group having algebraic multiplicity N (V). If the
potential q is evenon the edgesof

�

then T (� ) is symplectic for � 2
�

n� D .

Proof. The formulas for T (� ) and T� (� ) in Lemma 2.2 show that T (� ) is
real for � 2

�

n � D . For 0 < x < 1 the matrix solutions C(x; � ), S(x; � ) of
(4) satisfy the matrix Wronski identit y

(St )0(x; � )C(x; � ) � St (x; � )C0(x; � ) = I N (V ) ; � 2
�

;

implying that �
C(1� ; � ) S(1� ; � )
C0(1� ; � ) S0(1� ; � )

�
; � 2

�

is symplectic. Since this matrix and T� (� ) have determinant 1 for � 2
�

,
the product formula of Lemma2.2and meromorphiccontinuation show T (� )
hasdeterminant 1 for � 2 � n � D .

Supposeq(x) is even, that is invariant under re
ection through the edge
midpoint, on each edgee of

�

. The nonzeroo�-diagonal entries H ij (� ) in
(13) are� 1=se(re; � ), with the endpoints of ebeingvi andvj , and vi identi�ed
with t = 0 in the local coordinate. In terms of the local coordinate t used
for H ij , the coordinate usedfor computation of H j i will be r � t. If se(t; � )
is the solution of (1) with initial data

se(0; � ) = 0;
dse

dt
(0; � ) = 1
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appearing in H ij , then ese(t; � ) = se(r � t; � ) is the solution of (1) with initial
data

ese(r; � ) = 0;
dese

d(r � t)
(r; � ) = 1

appearing in H j i . Sincese(r; � ) = ese(0; � ), the matrix H (� ) is symmetric. It
is now easyto check that T� (� ) and T (� ) are symplectic for � 2

�

n � D .
Sincethe coe�cien ts aj (� ) of the characteristic polynomial of T (� ) are

polynomialsin the matrix entries, which aremeromorphicin � , it followsthat
aj (� ) is meromorphic,with all polesin � D . The identities aj (� ) = a2N � j (� ),
and the identit y p(� ; � ) = � 2N p(1=� ; � ) are thus valid for � 2 � n � D . For
� 2 � n

�

the matrix T(� ) has no eigenvalues on the unit circle by the
previous lemma. It is not hard to show that that if � is an eigenvalue for
T (� ), then 1=� is onetoo, with the samealgebraicmultiplicit y. This �nishes
the proof in caseq is even on each edgeof

�

.
For q real, but not necessarilyeven on the edgesof

�

, considerthe family
of self adjoint operators

L(s) = � D 2 + sq; 0 � s � 1:

Pick � 0 2 � n
�

. When s = 0 the multipliers � k(� 0) split into the two clusters
asclaimed. The matricesT (� 0; s) dependanalytically on s, and no multiplier
can have magnitude 1. Thus [10, pp. 67{68] the algebraicmultiplicities of
fj � k(� )j > 1g and fj � k(� )j < 1g are independent of s.

3 The resolv ent and spectrum of L

This sectiondescribesthe structure of the resolvent R(� ) = (L � �I ) � 1. The
analysisof the resolvent will provide a description of the spectrum of L in
terms of the multipliers of the Floquet matrix T (� ). To obtain a relatively
simple description of the resolvent, it is convenient to decomposeL 2(G) into
two closedorthogonal subspaces,

L2(G) = H1 � H2:

The subspaceH1 will consistof the squareintegrable functions which vanish
on the subgraphs(

�

; m) for m 2 � , while H2 will consist of the square
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integrable functions which vanish on all the edgesm < x < m + 1. The
subspaceH2 will be further decomposed

H2 = � H m
2

whereH m
2 denotesthe functions vanishingon the complement of (

�

; m).
Let P1 denote the orthogonal projection from L 2(G) to H1. The opera-

tor P1R(� )P1 : H1 ! H1 is known as a generalizedresolvent for � D 2 + q
corresponding to the self adjoint operator L on the larger spaceL 2(G). By
viewing � D 2 + q on H1 as the �nite system

0

@
� D 2 + q1(x) 0 : : : 0

0 � D 2 + q2(x) : : : 0
0 0 : : : � D 2 + qN (V )(x)

1

A Y = �Y ; (14)

on an interval (in this case(�1 ; 1 )) it is possible to take advantage of
previouswork on thesegeneralizedresolvents [1, 8]. Becauseof our explicit
knowledge of the extension we will actually consider the operator R(� ) :
H1 ! L2(G), rather than the more traditional generalizedresolvent. Similar
considerationsapply to R(� ) : H m

2 ! L2(G).
Following the next pair of linear algebraresults,we will typically assume

that q is even on the edgesof
�

.

3.1 Linear algebra

The following consequencesof the Jordan normal form will be useful.

Lemma 3.1. L has no eigenvaluesin the complementof � D .

Proof. Supposethat � 2 � n � D and that  is an eigenfunctionfor L with
eigenvalue � . By Lemma 2.2  is not identically 0 on 0 < x < 1, and the
continuation of  to m < x < m + 1 may be computed by applying T m (� )
to the vector � of initial data for  at x = 0+ . The usualEuclideannorm on
� is equivalent to the L 2 norm on solutionsof (1) on the interval 0 < x < 1,
so the fact that  is squareintegrablemeansthat

kT m � k ! 0; m ! �1 ; k� k 6= 0:

We will show that this condition is impossiblesinceT (� ) hasno eigenvalues
equal to 0.
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By applying the similarity transformation putting T (� ) into a Jordan
normal form, the problem may be reducedto considerationof a matrix with
a singleJordan block

J =

0

B
B
B
@

� 1 : : : 0

0
...

... 0
0 : : : � 1
0 : : : 0 �

1

C
C
C
A

:

Let X = (x1; : : : ; xd; 0; : : : ; 0)t be a vector with last nonzeroentry xd. Then

J X = �X + (x2; : : : ; xd; 0; 0; : : : ; 0)t ;

and the d-th component of J m X is � mxd. If � 6= 0 then it is impossibleto
have J mX ! 0 for both m ! 1 and m ! �1 .

Lemma 3.2. Supposethat r (� ) is an N � N matrix function continuous at
� 0. If all eigenvaluesof r (� 0) have magnitude less than 1, then there is a
neighborhood B of � 0 and a positive integer k suchthat

kr k(� )k < 1; � 2 B :

Proof. The matrix r (� 0) is similar to a matrix r 1, r (� 0) = S� 1r1S, where
r1 = D + N is the sum of the diagonal matrix D, whoseentries are the
eigenvaluesof r (� 0), and a nilpotent matrix N of order l commuting with D.
It follows that

r k
1 = (D + N )k =

l � 1X

j =0

�
k
j

�
Dk� j N j :

It is elementary to check that r k
1, and hencer k(� 0), have limit 0 as k ! 1 .

The continuity of r (� ) at � 0 then givesthe result.

3.2 A Wronskian computation

Let � 1 denote the set of � 2 � for which j� k(� )j = 1 for someeigenvalue
� k(� ). A minor extensionof Theorem2.4 shows that if � 2 � n(� 1 [ � D ) the
set of solutionsof (1) satisfying (2) hasan N (V) dimensionalsubspaceU on
which the translation y(x) ! y(x + 1) is invariant with all eigenvalues� k(� )
satisfying j� k j < 1. De�ne the analogoussubspaceV for j� k j > 1. Let U(x; � )
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and V(x; � ) be N (V) � N (V) matrix valued functions whosecolumnsform
basesfor U and V respectively.

Introducethe notation

Y(x; � ) =
�

U V
U0 V 0

�
;

and notice that �
(V ] )0 � V ]

� (U] )0 U]

�
= � JY ] J:

Lemma 3.3. Suppose� 2 � n (� 1 [ � D ). Then

JY ] JY =
�

W(U;V) 0N (V )

0N (V ) � W(V; U)

�
:

In addition, for each � the Wronskian W(U;V) is a constant invertible
N (V) � N (V) matrix for x 2

�

n � .

Proof. Assumethat � 2 � n (� 1 [ � D ). Direct computation gives

JY ] JY =
�

W(U;V) W(V; V)
� W(U;U) � W(V; U)

�
:

By our earlier observation the Wronskiancomprisingthe N (V) � N (V) block
entries of this matrix are constant on the intervals m < x < m + 1. Since

�
U
U0

�
((m + 1)+ ; � ) = T (� )

�
U
U0

�
(m+ ; � )

and similarly for V , Lemma 2.1 gives

W(U;V)(( m + 1)+ ; � ) = W(U;V)(m+ ; � ):

The other blocks also have period 1, so the blocks are independent of x 2
�

n � .
The matrix entries of W(U;U) satisfy both

W(U;U) ij (m+ ; � ) = W(U;U) ij (0+ ; � )

and

W(U;U) ij (m+ ; � ) = � [T m (� )
�

Uj

U0
j

�
(0+ ; � ); T m (� )

�
Uj

U0
j

�
(0+ ; � )]:
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For � 2 � n (� 1 [ � D ) all eigenvalues of T (� ) acting on the span of the
columnsof �

Uj

U0
j

�

have absolutevalue lessthan 1, so by Lemma 3.2

lim
m!1

T m (� )
�

Uj

U0
j

�
(0;+ ; � ) =

�
0N (V )

0N (V )

�
;

and thus W(U;U) = 0N (V ) . The caseW(V; V) is similar.
Finally, sincethe columnsof Y area basisof solutionsto (1) on 0 < x < 1,

the matrix Y(x; � ) is invertible. This meansthat JY ] J is also invertible.
Taking the product we seethat W(U;V) is invertible.

3.3 The Resolv ent on H1

For � 2 � n (� 1 [ � D ) de�ne the N (V) � N (V) matrix function

R1(x1; x2; � ) =
U(x1; � )C1(� )V � (x2; � ); x1 � x2;
V (x1; � )C �

1(� )U� (x2; � ); x1 � x2:
(15)

where C1(� ) = W � 1(U;V). The function R1(x1; x2; � ) may then be used
to de�ne an integral operator, initially de�ned for vector functions on the
interval m < x < m + 1;

(R1(� )f )(x1) =
Z m+1

m
R1(x1; x2; � )f (x2) dx2:

Theorem 3.4. For f 2 � N (V )L2(m; m + 1) and � 2 � n
�

, the integral
operator R1(� ) is a representationof the resolvent(L � �I ) � 1. The function
R1(� )f in L2(G) extendsanalytically to � 2 � n (� D [ � 1).

Proof. A direct computation shows that if

g(x1) =
Z

�

R(x1; x2; � )f (x2) dx2;

then (� D 2 + q � � )g = f as long as the equations

U(x; � )C1(� )V � (x; � ) � V (x; � )C �
1(� )U� (x; � ) = 0; (16)
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U0(x; � )C1(� )V � (x; � ) � V 0(x; � )C �
1(� )U� (x; � ) = I N (V ) ;

are satis�ed.
Using Lemma 3.3, theseequationsare equivalent to

JY � (� )JY
�

C1(� )V �

� C �
1 (� )U�

�
=

�
V �

� U�

�
;

or �
W(U;V) 0N

0N � W(V; U)

� �
C1(� )V �

� C �
1(� )U�

�
=

�
V �

� U�

�
;

which is satis�ed if C1(� ) = W(U;V) � 1.
Moreover if f has compact support in the interval (m; m + 1) then the

vertex conditions (2) are satis�ed becauseg is a linear combination of the
columnsof U for x > m+ 1 and V for x < m. Moreover g is squareintegrable
on G becauseof the decay of U as x ! 1 and V as x ! �1 implied by
Lemma 3.2.

To establishthe analytic continuation we want to show that the columns
of U(x; � ) and V(x; � ) can be chosenas analytic functions with squarein-
tegrable values on the appropriate `half graph'. For � 0 2 � n (� D [ � 1),
pick a basis for the initial data for the functions in U at � 0. For � near � 0

there is [10, pp. 368{369]a projection onto the generalizedeigenspaceswith
j� k(� )j < 1 which is analytic in � . The extensionfrom analytic initial data
to analytic squareintegrablefunctions solving (1) with conditions(2) is then
completedwith the aid of Lemma 3.2.

Theorem 3.5. For � 2 � n(� D [ � 1) the operator R1(� ) is bounded on H1.

Proof. Assumethat f 2 H1, and decomposef =
P

f m , where the projec-
tion f m = 1f m<x<m +1 gf vanishesunlessm < x < m + 1. We considerthe
calculation of gl (x1) = R1(� )f for l < x1 < l + 1. If ~f m (x2) = f m (x2 + m),
the periodicity of L gives

gl (x1) = (R(� )f m (x2 + m))( x1) = (R(� ) ~f m (x2))( x1 � m); 0 < x2 < 1:

The value of g(x1) for x1 < 0 is determined by the value for � 1 < x < 0
and the unique continuation of solutions of (1) satisfying (2). For instance
if l < m we seethat

(R(� ) ~f m (x2))( x1 � m) =
Z 1

0
V(x1 � m; � )C �

1(� )U� (x2; � ) ~f m (x2) dx2
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=
Z 1

0
V(x1 � (m � l) � 1); � )Cm� l � 1

2 (� )C �
1(� )U� (x2; � ) ~f m (x2) dx2:

The columnsof the shifted matrix V are linear combinations of the un-
shifted version, the transformation for a shift by 1 being given by C2, which
haseigenvalues� k(� ) with j� k(� )j < 1. Lemma3.2 shows that we have expo-
nential decay of the iterates. Thusthere is a number 0 < � (� ) < 1 (essentially
the value of j� k j closestto 1) such that

Z 1

�1
jg(x1)j2 �

1X

l= �1

Z l+1

l
jgl (x1)j2 � C

X

l

(
X

m

� j l � mjkf m k)2:

Notice that X

m

� j l � mjkf mk

is the discreteconvolution of the sequencesfk f mkg and � jmj . By usingFourier
seriesthis convolution is a boundedoperator on l2. Thus

X

l

(
X

m

� j l � mjkf m k)2 � C
X

m

kf mk2;

and the integral operator with kernel R1(x1; x2; � ) is a boundedoperator on
H1 as long as � 2 � n (� D [ � 1).

3.4 The resolv ent on H m
2

We turn next to the structure of the resolvent acting on functions f 2 H m
2 .

Assumeat the start that � 2 � n
�

. Pick an edgee 2 (
�

; m) and take
f 2 L2(e), using local coordinates t for e with 0 < t < r . Sincethe resolvent
is a right inversefor L � �I on the interval 0 < t < r i we may write

g(t; � ) = R(� )f = � c(t; � ) + � s(t; � ) +
Z t

0
G(t; � )f (� ) d� ; 0 < t < r; (17)

wherec(t; �; qe) and s(t; �; qe) are the solutions of � y00+ qe(t i )y = �y satis-
fying

c(0; � ) = 1; s(0; � ) = 0;

c0(0; � ) = 0; s0(0; � ) = 1;
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and
G(t; � ; � ) = c(t; � )s(� ; � ) � s(t; � )c(� ; � )

is the usual variation of parameterskernel.
Beyond the singleedgee the function g(t; � ) must extend to a solution of

(1) satisfying (2) on G. It must alsobe squareintegrableon G. Given choices
of local coordinatest i for the other edgesof

�

, the extendedfunction g(t; � )
will have the form

g(t; � ) = � i c(t i ; � ) + � i s(t i ; � ); 0 < t i < r i : (18)

On the edgeswith x > m and x < m respectively, the fact that the
vertex conditions and squareintegrability must be satis�ed, together with
Lemma 3.2, forcesg to be a linear combination of the columnsUk and Vk of
the previously de�ned N (V) � N (V) matrix functions U(x; � ) and V(x; � ),

X

k


 kUk ; x > m;
X

k

� kVk ; x < m: (19)

The continuity requirement at the verticesof
�

gives
X

k


 kUk(m+ ; � ) =
X

k

� kVk(m� ; � ):

Let � be a vertex of
�

. For edgesof
�

incident on � , let I � denotethe set
of edgeindicesi for which � haslocal coordinate 0, and let J � denotethe set
of edgeindices i for which � has local coordinate r i . At vertices � 2

�

not
belongingto the edgeewhich contains the support of f , the vertex conditions
take the form X

k


 kUk(� ; � ) =
X

k

� kVk(� ; � ) (20)

= � i = � j c(r j ; � ) + � j s(r j ; � ); i 2 I � ; j 2 J� ;
X

k


 kU0
k(� ; � ) �

X

k

� kV 0
k (� ; � ) +

X

i 2 I �

� i �
X

j 2 J �

[� j c0(r j ; � ) + � j s0(r j ; � )] = 0:

This form also holds at the vertex where the local coordinate on e (which
contains the support of f ) is 0. At the vertex � where the local coordinate
on e is r the vertex conditions have the modi�ed form

X

k


 kUk(� ; � ) =
X

k

� kVk(� ; � ) = � c(r; � ) + � s(r; � ) (21)
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+
Z r

0
G(r; � )f (� ) d� = � i = � j c(r j ; � ) + � j s(r j ; � ); i 2 I � ; j 2 J� ;

X

k


 kU0
k(� ; � ) �

X

k

� kV 0
k (� ; � ) +

X

i 2 I �

� i �
X

j 2 J 0
�

[� j c0(r j ; � ) + � j s0(r j ; � )]

� � c0(r; � ) � � s0(r; � ) =
Z r

0
@tG(r; � )f (� ) d� :

Sinceeach edgehastwo distinct endpoints, theseequationshave 2N (E)+
2N (V) unknowns � i , � i , 
 k , and � k . If a vertex � 2

�

has degreed, and so
degreed+ 2 in G, then the full setof continuity conditionsmay bewritten asa
set of d(� ) + 1 equations.There is oneadditional equationfor the derivatives
at � . We thus have � � [d(� ) + 2] = 2N (V) + 2N (E) equations.Each solution
of this linear system provides a solution to the equation (L � �I )g = f e.
Since� is in the resolvent set there is a unique solution, soour linear system
hasunique solutionsand the coe�cien t matrix is invertible.

The entries of the coe�cien t matrix M (� ) are either entire functions of
� , or are oneof Uk(� ; � ), Vk(� ; � ), U0

k(� ; � ), V 0
k (� ; � ). As observed earlier, the

vector functions Uk , Vk may be chosento be analytic for � 2 � n (� D [ � 1).
Consequently the determinant of M (� ) can only vanish at a discrete set
� 2 � � n (� D [ � 1). From here the argument that R(� ) : H2 ! L2(G)
extendsto � n (� D [ � 1 [ � 2) as a boundedlinear operator (as well as the
analytic continuation argument) is similar to that of Theorem3.5.

SinceL is selfadjoint, the only possibleisolatedsingularitiesof the resol-
vent are eigenvalues. By Lemma 3.1 there are no eigenvaluesoutside the set
� D . Putting thesearguments together with Theorem 3.5 givesus the next
lemma and the expected identi�cation of the spectrum.

Lemma 3.6. For f 2 H m
2 and � 2 � n

�

, the resolventg(� ) = (L � �I ) � 1f
may be represented in the form (17), (18), (19) with coe�cients satisfying
(20) and (21). The resolventextendsas a bounded operator valued function
to � n (� D [ � 1).

Theorem 3.7. The spectrum � of L satis�es

� 1 � � � (� D [ � 1):

The classicalspectral analysisof a self adjoint ordinary di�erential oper-
ator on an interval continueswith the development of spectral measuresand
eigenfunction expansions[7] and [9, p. 1351]. Although these well-known



4 SPECTRAL GAPS 19

methods are not directly applicable, their generalization to extensionsof
symmetric ordinary di�erential operatorson an interval to self adjoint oper-
ators on a larger Hilbert spacemay be used. This material is discussedin
[1, pp. 121{139], and [8]. For the operators consideredhere, the abstract
extensiontheory of symmetric operators in larger spacesis enriched by the
more or lessexplicit description of the resolvent basedon Floquet matrices.

4 Spectral gaps

The structure of the Floquet matrix for translation by 1 was identi�ed in
Lemma 2.2 and made use of the matrix H (� ) de�ned in (13). In light of
Theorem 3.7, the structure of H (� ) can guarantee the existenceof spectral
gaps.

Theorem 4.1. Assumethat the edgesof
�

are all of equal length, with the
same real even potential. For � near � 0 2 � D the function T (� ) has a
Laurent expansion

T (� ) = (� � � 0)� 1[
�

0N (V ) 0N (V )

H0C(� 0) H0S(� 0)

�
+ (� � � 0)F (� )]; (22)

with F (� ) analytic. If �
0N (V ) 0N (V )

H0C(� 0) H0S(� 0)

�
(23)

hasN (V) nonzero eigenvalues,counted with algebraic multiplicity, then T (� )
hasno multipliers of modulus 1 for � su�ciently closeto � 0.

Proof. Sincethe edgesof
�

are all of equal length, with the samereal even
potential, the functions s(� ) = se(r; � ) are all the same.Formula (13) shows
that H (� ) is meromorphic,with at worst simple polesat the roots of s(� ).
The Floquet matrix has the form

T (� ) =
�

C(1� ; � ) S(1� ; � )
H C(1� ; � ) + C0(1� ; � ) H S(1� ; � ) + S0(1� ; � )

�
: (24)

Supposethat � 0 is a root of s(� ). Then we may expandT (� ) to get (22).
Supposethe 2N (V) � 2N (V) matrix (23) hasN (V) nonzeroeigenvalues,

counted with algebraicmultiplicit y. Then T (� ) has N (V) multipliers � k(� )
(counted with algebraicmultiplicit y) satisfying

lim
� ! � 0

j� k(� )j ! 1 :
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In particular theseeigenvaluesare not of modulus 1, and sinceT (� ) is sym-
plectic for � 2

�

n � D , no multipliers of T (� ) have modulus 1 for � near
� 0 2 � D .

For the next results we introducetwo matrices containing combinatorial
information about

�

. The N (V) � N (V) adjacencymatrix A � has entries
aij = 1 if vertices vi and vj are connected,and 0 otherwise. D will denote
the constant diagonalmatrix

D = diag[deg(v1); : : : ; deg(vN (V ))];

whoseentries are the degrees,or number of incident edges,for the vertices
vi . To seethe role of this combinatorial data in the location of spectral gaps
somesimplifying assumptionsaremade. Usethe notation of (7) for solutions
of (1) on e 2

�

, and let c(x; � ) and s(x; � ) be the analogoussolutionson an
edgewith 0 < x < 1 and initial data given at 0+ .

Theorem 4.2. Supposethat the edgesof
�

are all of equal length, with the
samereal evenpotential qe, and that the edgeswith 0 < x < 1 havethe same
real potential q0. Supposethat � 0 2 � D and s(1; � 0) 6= 0. Then T (� ) hasno
multipliers of modulus 1 for � su�ciently closeto � 0 if

det[ce(r; � 0)D � A � ] 6= 0: (25)

Condition (25) is satis�ed at an in�nite sequence of such � 0 if 2 is not an
eigenvalueof L c = I � D � 1=2A � D � 1=2.

Proof. For notational conveniencethe functions se(r; � ), s(1; � ), etc. are
written as se(� ), s(� ), etc. With theseassumptionsthe matrix H (� ) then
has the form

H (� ) =
1

se(� )
[ce(� )D � A � ]:

The matrices C(1� ; � ); : : : ; S0(1� ; � ) are now scalar,so (24) becomes

T (� ) =
�

0N 0N

c(� )H (� ) s(� )H (� )

�
+

�
c(� )I N s(� )I N

c0(� )I N s0(� )I N

�

=
1

se(� )
[M1(� ) + se(� )M 2(� )]; N = N (V);
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where

M1(� ) = s(� )

 
0N 0N

c(� )
s(� ) [ce(� )D � A � ] [ce(� )D � A � ]

!

;

M2(� ) =
�

c(� )I N s(� )I N

c0(� )I N s0(� )I N

�
:

Sinces(� 0) 6= 0 the nonzeroeigenvaluesof M 1(� 0); counted with algebraic
multiplicit y, are thoseof s(� 0)[ce(� 0)D � A � ]. By assumptionthere areN (V)
nonzeroeigenvalues. Sincese(� 0) = 0 the sameholdsfor M 1(� )+ se(� )M 2(� ).
By Theorem4.1 T (� ) hasno multipliers of modulus 1 for � su�cien tly close
to � 0.

Note that

ce(� )D � A � = D1=2[ce(� ) � D � 1=2A � D � 1=2]D1=2:

The estimates(8) give ce(� 0) ! � 1 for large � 0 2 � D . For ce(� 0) su�cien tly
closeto � 1, the matrix ce(� 0)D � A � will be invertible if

� I � D � 1=2A � D � 1=2 = L c � 2I

is invertible, which establishesthe last conclusion.

Notice that L c is the combinatorial Laplacian of
�

in the senseof Chung
[6, p. 3]. The combinatorial Laplacian of a connectedgraph will have 2 as
an eigenvalue if and only if it is bipartite [6, p. 7].

The next theoremshows that the existenceof a sequenceof spectral gaps
guaranteed by Theorem 4.2 is typically a property of the graph

�

, and not
the potential q. The following preparatory lemma considersthe stabilit y of
matrix eigenvaluesunder certain typesof perturbations.

Lemma 4.3. Supposethat M is a 2N � 2N matrix

M = A + P =
�

A11 0N

0N A22

�
+

�
P11 P12

P21 P22

�

whoseN � N blocks satisfy the following conditions:
(i) A11 and A22 are constant and similar to diagonalmatrices.
(ii) The entries of P21 are bounded in magnitudeby b> 0.
(iii) The entries of P22 are bounded in magnitudeby � 1 > 0.
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(iv) The entries of the blocks P11 and P12 are bounded in magnitudeby
� 2 > 0.

Then the eigenvaluesof M wil l converge to thoseof A uniformly as � =
max(� 1; � 2; � 2b) goes to 0.

Proof. Supposethat T � 1
1 A11T1 and T � 1

2 A22T2 are diagonal, and de�ne

T =
�

T1 0N

0N T2

�
:

Since

T � 1PT =
�

T � 1
1 P11T1 T � 1

1 P12T2

T � 1
2 P21T1 T � 1

2 P22T2

�
;

the block estimatesare retained up to a constant factor, so there is no loss
of generality if A is assumedto be diagonalwith eigenvalues� 1; : : : ; � 2N .

The characteristic polynomial has the standard form

p(� ) = det(�I � M ) =
X

�

sgn(� )
2NY

m=1

[�I � M ]m;� (m)

=
2NY

m=1

(� � � m � pmm ) +
2N � 1X

k=0

ck � k :

Supposethat oneof the products
Q 2N

k=1 [�I � M ]k;� (k) contains exactly l factors
bi (1) j (1) ; : : : ; bi (l )j (l ) from the block P21. The l diagonal entries with indices
j (1); : : : ; j (l ) areprecludedasfactors,andsincej (1); : : : ; j (l ) � N the factors
from theserowsareO(� 2). Moreover every coe�cien t ck is a sumof products,
each product containing at least one o�diagonal factor, so ck = O(� ) if 0 <
� < 1.

The proof is completedby recalling that the (suitably ordered) roots of
the characteristic polynomial vary continuously with the coe�cien ts.

We will needan arithmetic condition on the length r > 0 of the edges
of

�

. Say that r satis�es condition A if the sequence(2n + 1)=r contains
a subsequenceck which is uniformly bounded away from the integers. All
irrationals r satisfy this condition, but not the rationals r = 1=m.
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Theorem 4.4. Assumethat 2 is not an eigenvalueof L c = I �D � 1=2A � D � 1=2,
and that the edgesof

�

are all of equal length r , with even(but possiblydis-
tinct) potentials qe. Supposethat r satis�es condition A, and that

� k = c2
k � 2 = (

2n + 1
r

)2� 2:

Pick numbers � and � with

0 < � < � < 1=2:

Then for k su�ciently large, T (� ) has no multipliers of modulus 1 for all �
satisfying

� � 1=2+ �
k < j

p
� �

p
� k j < � � 1=2+ �

k ; � > 0: (26)

Proof. Assume that (26) holds. By the estimates (8) there are bounded
functions K 1(� ), K 2(� ) such that

se(� ) =
sin(r

p
� )

p
�

[1 +
K 1p

� sin(r
p

� )
]; ce(� ) = cos(r

p
� ) +

K 2p
�

:

If k is large enoughthen by Taylor's Theorem

j sin(r
p

� )j � r j
p

� �
p

� k j; cos(r
p

� ) � � 1 + O(j
p

� �
p

� k j2);

implying in particular that

r
2

� � 1=2+ � < j sin(r
p

� )j < 2r � � 1=2+ � :

For such �

se(� ) =
sin(r

p
� )

p
�

[1 + O(� � � )];

ce(� ) = � 1 + O(� � ); � = max(� 1=2; � 1 + 2� ):

Usethe abbreviations

sr = sin(r
p

� )=
p

�; N1 = �D � A � ;

s = sin(
p

� )=
p

� ; c = cos(
p

� ):
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The multipliers of the Floquet matrix are the sameas thosefor
�

I N 0N

0N 1=
p

�

�
T (� )

�
I N 0N

0N

p
�

�
(27)

=
s
sr

hsr

s

�
0N 0N

H C(1� ; � )=
p

� H S(1� ; � )

�
+

sr

s

�
C(1� ; � )

p
�S (1� ; � )

C0(1� ; � )=
p

� S0(1� ; � )

� i
:

The above estimatesimply that

sr H (� ) = �D � A � + o(1); k ! 1 :

Condition A insuresthat j sin(
p

� )j � � > 0, so that

sr

s

�
C(1� ; � )

p
�S (1� ; � )

C0(1� ; � )=
p

� S0(1� ; � )

�
= O(� � 1=2+ � ); k ! 1 :

The estimates(8) alsogive

C(1� ; � ) ' cos(
p

� )I N ; S(1� ; � ) =
sin(

p
� )

p
�

I N + O(� � 1):

Again using j sin(
p

� )j � � > 0 we �nd in (27) that

sr

s

�
0N 0N

H C(1� ; � )=
p

� H S(1� ; � )

�

=

 
0N 0N

cos(
p

� )
sin(

p
� )

N1[I N + o(1)] N1[I N + o(1)]

!

:

Notice that �D � A � is a real symmetric matrix. From Lemma 4.3 the
eigenvaluesof

sr

s
T (� )

approach thoseof �
0N 0N

0N N1

�

if

� � 1=2+ � cos(
p

� )

sin(
p

� )
! 0;

which is insuredby condition A. Sofor � satisfying (26) and for k su�cien tly
large, the Floquet matrix T (� ) hasN eigenvaluesof magnitude bigger than
1. SinceT (� ) is symplectic for � 2

�

, there are no eigenvaluesof magnitude
1.
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