2.3 Convex sets

In the subsequent discussion it will be helpful to use some ideas from the
study of convex sets. A subset €2 of a real vector space is conver if U,V € Q
implies wU + (1 —w)V € Q for all w € [0,1]. If w; > 0 and Z]J-ZI w; = 1, say
that V = 23-721 w;U; € € is a convex combination of the points U;. Figure
2.d shows several convex subsets of the z — y plane.
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Figure 2d: Some convex sets

Lemma 2.4. Suppose that Q@ C RN is conver and Uy, ...,U; € Q. If w; >0
and ijl w; =1, then ijl w;U; € (.

Proof. Without loss of generality, assume that each w; > 0. The proof is by
induction on J, the case J = 1 being trivial. For J > 1 write

J

>t = i+ Yty = i+ [l [ (3 )

j=2 j=2 2uj=2Wj

Since z:jzz(wj/[z:j:2 w;]) = 1, the term Z;-’:g(wj/[Z;Lz w;])U; is a convex
combination of J—1 elements of €2, hence is in €2 by the induction hypothesis.
By the definition of convexity

J J
ijUj = w1U1 + ijUj € Q.
j=1

j=2
[

Proposition 2.5. The intersection of two or more conver sets is conver.
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Proof. Suppose the sets Q, C RY are convex, and the vectors U and V are in
all the sets Q,. Then for each w with 0 < w < 1 the vectors wU + (1 — w)V
are in each €2,, and so in the intersection. O

Recall that if V is a subspace of RY and X € RY is a vector, then a set
W=X+V ={X+ V|V € V} is called an affine subspace of RY. The
dimension of W is defined to be the dimension of V. If dim(V) = N — 1,
then W is called a hyperplane.

Proposition 2.6. Affine subspaces of RN are convexz.

Proof. Suppose Uy = X + V; and Uy = X + V, are vectors in the affine
subspace W = X + V. For 0 < w < 1 we have

wO + (1 —w)Us = X +wVi+ (1 —w)Ve € W.
]

Proposition 2.7. The feasible region for a linear program in ELP form is
a convex Set.

Proof. We'’ve just seen that an affine subspace is convex, and that the inter-
section of convex sets is convex. It only remains to show that the sector P
consisting of vectors all of whose components are nonnegative is convex, If
Ue P,V eP,and 0 < w < 1, then all components of wU + (1 —w)V are
nonnegative, so P is convex. 0

There is one more important notion needed from the theory of convex
sets. Suppose 2 C RY is convex. Say that a point Z € Q is an extreme point
if

Z=tU+(1-t)V, 0<t<l, UVeQ
implies Z =U =V.
As the next theorem shows, a closed and bounded convex set can be

recovered from its extreme points. We won’t give a proof of Theorem 2.8.
Look at a picture in the plane to see that the result is plausible.

Theorem 2.8. If Q@ C RY is a closed and bounded convex set, which is
contained in an affine subspace of dimension M, then every X € ) may be
written as the conver combination of M + 1 or fewer extreme points of €).
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2.4 Back to Linear Programming

In general there is no guarantee that the linear function we want to maximize
in (ELP) actually has a maximum. The exercises provide a simple example
with no maximum. Since the objective function g for an ELP is continuous,
there is a simple test from calculus (or analysis) that guarantees the existence
of a maximum.

Recall that a set F' C RY is bounded if there is some number R > 0
such that each X € F satisfies || X|| < R. A set F is said to be closed if F’
contains all its limit points. This means that if X, € F, n=1,2,3,..., and
if Xy = lim,_,00 X,,, then Xy € F. If h : RY — R is a continuous function,
and ¢ € R then

F=h'c)={X eRY | h(X)=c}

is closed. Also the positive sector P consisting of all vectors in RY with all
components nonnegative is a closed set. Moreover the intersection of closed
sets is closed.

The result we need is that every continuous function f defined on a closed
and bounded set F' has a maximum (and minimum) on F. The next obser-
vation is an easy exercise. Some generalizations are sketched in the exercises.

Proposition 2.9. Suppose one of the constraints

N
E QmnTpn = bma
n=1

in the ELP has all coefficients a,,, > 0. Then the feasible set F is closed and
bounded.

For the next theorem we can relax the structural requirements of the
feasible set.

Theorem 2.10. If K C RY is closed, bounded, and convez, and if g : RN —
R is linear (or affine), then the mazimum of g on K occurs at an ertreme
point.

Proof. An induction proof will work. Let the maximum of g on K be achieved
at Xy. By Theorem 2.8 any X, € K can be written as the convex combination

of extreme points,
J
XO = Z ijj-
j=1
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If Xy is an extreme point, there is nothing to show. Suppose that the state-
ment is true whenever X is a convex combination of at most J — 1 extreme
points. Write

J
w.
Xo=w U 1-— E l_U..
o =wiUp + ( wl)' 1w,
Jj=2
For 0 <t <1 let
T w
Xt)=tU, +(1—t !_U;.
=W+ 1-03 20

The function G(t) = ¢g(X(t)) is the restriction of an affine function to a line,
so G(t) is affine. An affine function on [0, 1] must take its maximum at an
endpoint, t = 0,1. (Of course the function could be constant, thereby hitting
the maximum on the whole segment.) Thus the maximum of g either occurs
at the extreme point Uy, or at a point which is the convex combination of at
most J — 1 extreme points. O

With a little more thought we can see that for (ELP), any maximum
which does exist must occur at an extreme point. As we will see now, a
special role is played by the solutions of (ELP) with at least N — L of the
z, equal to 0. Such a vector is called a basic solution, and if it also satisfies
x> 0forall k=1,..., N, it is called a basic feasible solution.

Here is a helpful observation about points X in the feasible set F' for an
ELP.

Lemma 2.11. Suppose X in the feasible set F' for an ELP, and
X=tU+(1-t)V, 0<t<l, UVEF.
If X = (x1,...,zn) and z, =0, then u, = v, = 0.
Proof. Suppose u,, # 0. Since U € F, we must then have u, > 0. But then
O=z,=tu,+ (1 —t)v,, 0<t<1,
forces v, < 0, contradicting V € F. O

Theorem 2.12. If the objective function g for (ELP) has a mazimum on
the feasible set F', then this maximum occurs at an extreme point.
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Proof. Suppose the maximum for g on the feasible set F' occurs at X;. We
claim that if X is not an extreme point, then there is another point Z € F,
with ¢g(Xo) = g(Z), which has at least one more coordinate equal to 0 than
X, does. To see this, write

X0:t0U+(1—t0)V, O<t0<1, U,VEF, U#V

Consider the affine function G(t) = ¢g(tU + (1 —t)V'). Since G(t) is maximal
at G(to) = g(Xo) and affine, it must be constant.

By the previous lemma, any coordinates which are 0 for X, must also
be 0 for U and V. Since U # V, there must be at least one coordinate of
tU + (1 — t)V') which is positive at ¢t = o, and which decreases as ¢ increases
(or decreases). Increase ¢ until a coordinate which was not zero for Xj is
zero. Along this extension g remains constant, and we still satisfy AX = B.

Thus we can assume that X, has a maximal number of coordinates equal
to 0. But this X; must be an extreme point. O

Finally, we want to use the ideas of this last proof to try to characterize
the extreme points of F'. The next result will show that the set of extreme
points of F' is in one to one correspondence with a subset of the set of choices
of K components from N components. Thus the extreme points are finite in
number and the only points we need to check to find the solution of (ELP).

Theorem 2.13. Suppose Xy satisfies AX = B and has K components

equal to zero, the rest being positive. Then Xy is an extreme point for F if
and only if the coefficient matrixz for the system of equations

AX = B,
Tn(1) = O:
Tnx) =0,

has rank N. Of course this means K > N — L.

Proof. Suppose first that X has exactly K components equal to zero, and
the coefficient matrix for the system of equations has rank N. Then the
augmented system of equations has a unique solution, Xy. If X = tU + (1 —

19



)V with U,V € F, and 0 < t < 1, then since U and V have components
n(1),...,n(K) equal to 0, U, V satisfy the augmented system. By uniqueness
U=V = Xy, so X, is an extreme point.

Suppose conversely that the coefficient matrix for the system of equations
has rank less than N, (this will happen if K < N — L) and X, has exactly
K coordinates equal to 0. Since X is a solution of AX, = B, there is a
nontrivial affine space of solutions to this system of equations. Write X, =
toU+(1—to)V for U,V # X in this affine solution space. Since the remaining
coordinates of X, are positive, they will remain positive for ¢ near ¢,. But
then Xj is not extreme. O

Here is an example to illustrate the use of this theorem.
Mazximize g = x1 + 22 + x3 + 224 Subject to the constraints

T1 4+ 229 + 23+ x4 = 4,

$1+4$2+3$3+$4:7,

and all z; > 0.

Since N = 4 and L = 2, extreme points have at least N — L = 2 coordi-
nates equal to 0, and all coordinates nonnegative. Suppose x3 = x4 = 0. The
remaining system of two equations has the solution z; = 1, x5 = 3/2. This
point is feasible, with the value of g equal to 4. Continue in this fashion,
testing the (;1) = 6 ways of choosing 2 coordinates equal to 0.
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