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We calculate the reflectivity from structures involving both dielectric and antiferromagnetic films. In con-
trast to earlier results involving only antiferromagnetic films, we find that nonreciprocal reflection occurs even
in the absence of any absorption. The calculations are done with a transfer matrix method and examples of
nonreciprocal reflectivity are shown both with and without damping. In addition a general thermodynamic
argument is presented which shows why nonreciprocity is allowed for the structure involving both dielectrics
and antiferromagnets while it is forbidden for a simple antiferromagnetic film. The thermodynamic argument
also gives some symmetry relations shown in our explicit calculations.@S0163-1829~96!04638-3#

I. INTRODUCTION

Recently a series of experiments1–4 have examined the
reflection of infrared radiation from antiferromagnets. A key
feature in these experiments is the occurrence of nonrecipro-
cal reflectivity. Here reversing the directions of the incident
and reflected waves leads to a different reflection coefficient
when there is an external magnetic field parallel to the sur-
face of the antiferromagnet.

A number of papers have explored nonreciprocal reflec-
tion from antiferromagnets theoretically as well.5–8 In the
past it has been argued that for semi-infinite or thin film
antiferromagnets nonreciprocity in the reflection intensities,
which may, in principle, be enhanced by surface roughness,5

could occur only when absorption was present.6 This is a
surprising result, but, in the general case of arbitrary angle
between the applied field and the plane of incidence, mixing
betweens- andp-polarized waves can lead to nonreciprocity
within a particular polarization.7 However, in the Voigt ge-
ometry where the plane of incidence is perpendicular to the
applied magnetic field and the field is parallel to the easy
axis, no such mixing occurs and the reflection intensities are
strictly reciprocal in the absence of damping.

In this paper we examine different geometries which also
lead to nonreciprocal reflection. Our geometries are physi-
cally realistic and include an antiferromagnetic film on a sub-
strate, a dielectric film on an antiferromagnetic film, and a
dielectric overlayer on a semi-infinite antiferromagnetic. In
contrast to earlier systems, the nonreciprocity explored here
exists in the Voigt configuration and without any damping
being present. For these geometries we compare the nonreci-
procity which exists in the presence of damping to that
which exists without any damping.

In addition to our explicit calculations for specific ex-
amples, we also present a general thermodynamic argument
showing how the combination of a dielectric film and anti-
ferromagnetic film allows nonreciprocal reflectivity where an
antiferromagnetic film by itself does not. Our thermody-

namic argument will also establish certain symmetry rela-
tions between the nonreciprocal reflectivity from the dielec-
tric surface and the nonreciprocal reflectivity from the
antiferromagnetic surface.

The paper is organized as follows. In Sec. II we present
an outline of the theoretical calculations where we use a
transfer matrix method to obtain reflectivity from a general
dielectric/antiferromagnet structure. We then use this method
to obtain specific results in Sec. III for particular geometries
showing nonreciprocity both with and without damping. In
Sec. IV we present the thermodynamic arguments which il-
lustrate the general features of the reflectivity from dielectric/
antiferromagnetic structures. Finally in Sec. V we present a
summary and our conclusions.

II. THEORY

We consider layered systems in the Voigt geometry, with
both the external field and the easy axis perpendicular to the
plane of incidence. We take this direction to be thez direc-
tion; they direction is normal to the layers. In this geometry,
the only nonzero components of the magnetic permeability
tensor of a simple uniaxial antiferromagnet at frequencyv
are9

mxx5myy5114pg2HAMS~Y
11Y2!, ~1!

mxy52myx5 i4pg2HAMS~Y
12Y2!, ~2!

mzz51, ~3!

where

Y65@v r
22~v6gH01 iG!2#21. ~4!

HA is the anisotropy field,MS the sublattice magnetization,g
the gyromagnetic ratio,H0 the external field, andG the
damping. The antiferromagnetic resonance frequencyvr is
given by
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v r5g~2HAHE1HA
2 !1/2, ~5!

whereHE is the exchange field.
In order to calculate the reflectivity of a layered system it

is useful to employ a transfer matrix method. The procedure
adopted here is basically a variation of that employed for
layered semiconductors in previous studies.10 Here we sum-
marize the basic method. We restrict the discussion tos po-
larization because onlys-polarized radiation interacts with
the magnetic system for the Voigt geometry.

In the medium of incidence~layer 1, vacuum in all the
present examples!, the in-plane component of the wave vec-
tor qx is determined by the angle of incidenceu:

qx5«1
1/2~v/c!sinu, ~6!

where«1 is the dielectric constant for the incident layer. The
quantity qx is continuous throughout the layered structure.
The out-of-plane componentqny ~n is a layer index!, how-
ever, varies from layer to layer. Ins polarization it is given
by

qny5@«nmvn~v/c!22qx
2#1/2, ~7!

wheremvn is the Voigt permeability of thenth layer and is
given by

mvn5m1n1m2n
2 /m1n , ~8!

wherem1n andm2n representmxx andmxy , respectively, for
thenth layer. For nonmagnetic layersmvn is equal to 1.

We now consider the variation of the electric fields, which
are directed along thez axis, within each layer. At the top of
each layer we can divide the field into two componentsanT
andbnT . The former represents the total field associated with
propagation in the2y ~downward! direction and the latter
represents that associated with propagation in the1y ~up-
ward! direction. We can also define equivalent fieldsanB and
bnB at the bottom of the layer. If the layer has thicknessdn ,
then the fields at its top and bottom may be related by the
matrix equation

S anTbnT
D5S exp~2 iqnydn!

0
0

exp~ iqnydn
D S anBbnB

D . ~9!

We may also use the boundary conditions at any chosen
interface to relate the fields on each of its sides. At the in-
terface between thenth and~n11!th layers we use the con-
tinuity of Ez and Hx . The resulting relationship is of the
form

S anBbnB
D 5

1

Xn
22Xn

1 SXn11
2 2Xn

1

Xn
22Xn11

2

Xn11
1 2Xn

1

Xn
22Xn11

1 D S a~n11!T

b~n11!T
D ,
~10!

where

Xn
65@~m2n /m1n!qx6qny#/mvn . ~11!

The matrices of the two types represented by Eqs.~9! and
~10! may then be multiplied together over the whole struc-
ture so as to relate the fields in the top layer~layer 1! to those
in the bottom one~layerN!. Since there is no upward wave

in layer N, which is semi-infinite, we may putbNT50, so
that the overall matrix equation may be expressed in the
form

S a1Bb1B
D5RS aNT0 D , ~12!

whereR is the 232 matrix resulting from the multiplication
of the various transfer matrices across the layers and inter-
faces. The ratiob1B/a1B may thus be obtained, and hence the
reflectivity.

III. RESULTS

We now apply the above analysis to specific examples.
All results are fors polarization with the easy axis and the
external field normal to the plane of incidence.

In Fig. 1 we show the oblique incidence reflectivity off a
dielectric film deposited on a semi-infinite antiferromagnetic
substrate. The parameters chosen for the antiferromagnet are
those for FeF2 at 4.2 K, as used in interpreting experimental
far infrared reflectivity and attenuated total reflection
results;2–4 MS50.056 T, HA519.745 T, HE553.313 T,
vr552.45 cm21, g51.05 cm21/T, and e55.5. The film is

FIG. 1. Reflectivity spectra for a 3mm dielectric layer deposited
on a semi-infinite antiferromagnetic substrate, in the presence of a
0.5 T external field. The parameters for the antiferromagnet and the
dielectric are those observed for FeF2 at 4.2 K and for Si, respec-
tively. ~a! G50; ~b! G50.05 cm21. Solid curves: u 5145°;
dashed curves: u 5245°.
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taken to have a dielectric constant of 11.6, the value for
silicon. We show results both without damping and with the
experimental value2–4 of G50.05 cm21. We consider a
10.5 T field in thez direction, with the angle of incidence
either145° or245°, corresponding to positive or negative
values ofqx , respectively. We could equivalently have held
the angle of incidence at145° and reversed the direction of
the field.

As can be seen from the figure, the reflectivityR is non-
reciprocal@i.e.,R(145°)ÞR(245°)#, regardless of whether
damping is present or not. This contrasts with the case for
reflection off a semi-infinite antiferromagnet or the symmet-

FIG. 2. Reflectivity spectra for a 6mm antiferromagnet layer
deposited on a semi-infinite dielectric substrate, in the presence of a
0.5 T external field. The parameters for the two materials are as for
Fig. 1. ~a! G50; ~b! G50.05 cm21. Solid curves: u 5145°;
dashed curves:u 5245°.

FIG. 3. The four types of reflectivity illustrated in Fig. 4 for a
free-standing dielectric/antiferromagnet bilayer structure. The exter-
nal field is coming out of the page, in the1z direction.

FIG. 4. Reflectivity spectra for a free-standing dielectric/
antiferromagnet bilayer structure, in the presence of a 0.5 T external
field. The dielectric layer is 3mm thick and the antiferromagnet
layer is 6mm thick. The parameters for the two layers are as for
Fig. 1. ~a! G50. Solid curve:R1~145°! or R2~245°!; dashed curve:
R1~245°! or R2~145°!. ~b! G50.05 cm21, reflectivity from dielec-
tric surface. Solid curve: R1~145°!; dashed curve: R1~245°!.
~c! G50.05 cm21, reflectivity from antiferromagnet surface. Solid
curve: R2~145°!; dashed curve: R2~245°!.
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ric case of a free-standing antiferromagnetic film; in either of
these two cases damping is necessary for nonreciprocal re-
flection to occur.6 In the particular example illustrated here,
the undamped spectrum actually shows more nonreciprocity
than the damped one.

The details of the nonreciprocity in Fig. 1 are very sensi-
tive to the thickness of the dielectric overlayer. For very thin
films ~less than 3000 Å! there is essentially no nonreciprocity
in the absence of damping. For the case shown in Fig. 1, a
3 mm dielectric film, the nonreciprocity is most evident at
frequencies just below those of the reststrahl peaks. If the
thickness is increased to 9mm, the nonreciprocity becomes
strongest at frequencies just above those of the reststrahl
peaks. At a thickness of about 14mm, the nonreciprocity
disappears almost completely, only to emerge again for even
thicker overlayers. This behavior suggests that the nonreci-
procity is a function of the phase in the dielectric film. The
exact mechanism will be described in more detail in a later
paper. As an indication of the wavelength scales involved,
the free-space wavelength is about 190mm near the magnon
frequency, and 14mm would correspond to a quarter wave-
length in the film.

In Fig. 2 we show the result for an antiferromagnetic film
deposited on a semi-infinite dielectric. Once again, the re-
flectivity is nonreciprocal, irrespective of damping. In this
case it is also seen that damping qualitatively affects the
overall shape of theu5245° spectrum; this is not an unusual
phenomenon in spectra of layered structures.11,12

The thickness dependence of the nonreciprocity for a thin
antiferromagnetic film on a dielectric substrate is quite dif-
ferent from the inverse problem explored in Fig. 1. In the
absence of damping, the nonreciprocity persists even for
very thin antiferromagnetic films of a few hundred ang-
stroms. For such films, the nonreciprocity disappears as
damping is increased. The reason for this sensitivity for very
thin antiferromagnetic films is that, for small damping, the
effective wavelength in the antiferromagnet can be very short
because of the resonance in the permeability. When the am-
plitude of the permeability is reduced through an increase in
damping, the effective wavelength in the antiferromagnet be-
comes much larger than the film thickness and the nonreci-
procity disappears.

We now consider the reflectivity off a free-standing
dielectric/antiferromagnet bilayer. In this case we can reflect
off either side of the sample, equivalent to inversion of the
sample. We therefore consider reflectivity for the incident
wave in each of the four directions indicated in Fig. 3. In Fig.
4 we show the results for each of the corresponding reflec-
tivities, both with and without damping. Nonreciprocal re-
flectivity is once again observed, and when damping is
present all four spectra are different. With no damping
present, however, we observe the additional result that

R1~1u!5R2~2u!, ~13!

R1~2u!5R2~1u!. ~14!

In the following section we use thermodynamic arguments to
explain these results.

IV. THERMODYNAMIC ARGUMENTS

In this section we show how nonreciprocal reflection is
allowed for the antiferromagnet/dielectric structure but is not
allowed for the simple case of a symmetric antiferromagnetic
film. In addition we obtain Eqs.~13! and ~14!, found previ-
ously through direct calculations for a specific example, by a
more general argument.

We neglect absorption so as to identify the nonreciprocity
due to other effects. Also the arguments include only one
polarization (s) so the results are limited to the Voigt con-
figuration where there is no mixing betweens- and
p-polarizations in the reflection process.7

Consider the geometry illustrated in Fig. 5. A magnetic
field is directed out of the page, and we consider waves
incident on the structure from various directions. The angles
are measured from the normal to the surface as usual. Inci-
dent angles are1u when the light comes from the top left
and2u when the light comes from the top right. Similarly
~obtainable by a rotation of 180° about the magnetic field!
the incident angles are1u for light from the bottom right
and2u for light from the bottom left.

A notation I 1~1u! indicates the intensity of an incident
wave hitting surface 1 at a positive incident angle.R1~1u!
denotes the reflected intensity from the upper surface~1!
coming from an incident wave with angle1u. Similarly
T2~1u! corresponds to the transmitted wave leaving surface
2.

The discussion is based on two ideas:~1! Conservation of
energy and,~2! detailed balance. Conservation of energy re-
quires that the incident energy all goes into the transmitted
and reflected waves. Thus considering the process shown in
Fig. 5~a! we obtain

FIG. 5. Geometry for thermodynamic calculations.~a! illustra-
tion of conservation of energy process in Eq.~15!; ~b! illustration of
detailed balance process of Eq.~21!. Note thatT1~2u! comes from
an incident wave hitting surface 2 at an angle of2u.
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I 1~1u!5R1~1u!1T2~1u!. ~15!

Similarly, reversing the angle of incidence, we obtain

I 1~2u!5R1~2u!1T2~2u!. ~16!

Two additional equations can be obtained by considering the
light incident from the bottom surface:

I 2~1u!5R2~1u!1T1~1u!, ~17!

I 2~2u!5R2~2u!1T1~2u!. ~18!

In thermal equilibrium, the incident intensities at a given
angle must all be equal. Thus

I 1~1u!5I 1~2u!5I 2~1u!5I 2~2u!. ~19!

Using this result, we may eliminate the intensities and obtain

R1~1u!2R1~2u!5T2~2u!2T2~1u!. ~20!

There is also the condition of detailed balance—that the en-
ergy leaving a surface in a particular direction is equal to that
incident going the opposite way. We consider as an example
the energy leaving the top surface going to the upper right.
There are two contributions to the intensity as illustrated in
Fig. 5~b!: ~1! transmitted intensity,T1~2u!, leaving surface
1 due to the incident wave on lower surface at angle2u and
~2! reflected intensity,R1~1u!, due to the incident wave on
upper surface at angle1u. So from detailed balance we get

I5T1~2u!1R1~1u!. ~21!

Note that we have simply set the intensity toI since all the
I ’s are the same in thermal equilibrium. Similarly consider-
ing all the other directions for exiting intensity we get

I5T1~1u!1R1~2u! ~exit upper left!, ~22!

I5T2~1u!1R2~2u! ~exit lower right!, ~23!

I5T2~2u!1R2~1u! ~exit lower left!. ~24!

By setting the last two equations equal one obtains

R2~2u!2R2~1u!5T2~2u!2T2~1u!. ~25!

When we equate the right-hand sides of Eqs.~20! and ~25!
we obtain

R1~1u!2R1~2u!5R2~2u!2R2~1u!. ~26!

This is an important result. This says any nonreciprocity in
reflection from the top surface~surface 1! is equal to the
nonreciprocity in reflection from the bottom surface~surface
2!. Thus, nonreciprocity in reflection is now allowed. In con-
trast, there is no nonreciprocal reflection from an antiferro-
magnetic film without a dielectric. In that case symmetry
requires

R1~1u!5R2~1u!, R1~2u!5R2~2u!. ~27!

So Eq.~26! becomes

R1~1u!2R1~2u!5R1~2u!2R1~1u!

52„R1~1u!2R1~2u!…. ~28!

So we haveR1(1u)2R1(2u) equal to its negative and that
only happens whenR1(1u)5R1(2u). So reciprocity in re-
flection is required for the case of an antiferromagnetic film
and no damping.

Additional symmetry relations may be found through the
thermodynamic results obtained above. For example by us-
ing Eqs. ~15! and ~23! we obtain Eq. ~13! that
R1(1u)5R2(2u). Similarly by using Eqs.~16! and~24! we
obtain Eq.~14!. We can also obtain some results concerning
the transmissivities. For example by combining Eqs.~15!
and ~21! we get

T2~1u!5T1~2u! ~29!

and by combining Eqs.~16! and ~22! we get

T2~2u!5T1~1u!. ~30!

We have checked Eqs.~13!, ~14!, ~29!, and~30! by explicit
numerical calculations and have found that they do indeed
hold. These four equations provide the fundamental symme-
try relations for transmissivities and reflectivities in the
dielectric/antiferromagnetic structure.

The thermodynamic argument could, in principle, be ex-
tended to a nonsymmetric structure such as a vacuum/thin
antiferromagnet/semi-infinite dielectric. The key idea in such
an extension is that the the angles of propagation in the
vacuum and in the dielectric would be different, but are con-
nected by Snell’s law. In addition, one has to be careful in
the thermodynamic argument to use the definition of the
transmittance as the ratio of the transmitted energy flux nor-
mal to the surface divided by the incident energy flux normal
to the surface, with a similar definition of reflectance. If the
angle of incidence in vacuum is denoted asu1 and the angle
of the transmittance in the dielectric isu2, then Eq.~13! may
be generalized toR1(1u1)5R2(2u2). We have checked
this result by an explicit numerical calculation. The other
symmetry results of the thermodynamic argument can be
similarly extended.

V. SUMMARY AND CONCLUSIONS

In this paper we have considered the reflection of electro-
magnetic radiation from uniaxial antiferromagnets in the
common Voigt geometry. We have demonstrated, by both an
explicit calculation and by general thermodynamic argu-
ments, that one may obtain nonreciprocal reflection from
structures involving both antiferromagnets and dielectrics
even in the absence of damping mechanisms. This is in con-
trast to earlier works which showed that reflection in the
Voigt geometry was reciprocal, both for semi-infinite antifer-
romagnets and for unsupported thin antiferromagnetic films.6

Our results are important for a number of reasons, both
fundamental as well as practical. Future investigations of the
properties of thin antiferromagnetic films and
superlattices13,14 will certainly involve fabrication on a di-
electric substrate. Thus it is necessary to understand the in-
fluence of the substrate on the reflection spectrum. In terms
of applications, antiferromagnets may be of interest for sig-
nal processing in the infrared. The previous work indicated
that in the Voigt geometry nonreciprocal reflection was only

12 236 54T. DUMELOW AND R. E. CAMLEY



possible with damping. However, significant damping will
also degrade device performance. In this paper we show that
it is in principle possible to have the best of both worlds, a
system with minimal damping and which also shows signifi-
cant nonreciprocity.
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