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Magnetization dynamics in thin "lms and multilayers
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Abstract

The behavior of spin waves is in#uenced by essentially all the parameters which characterize a magnetic material
} exchange interactions, anisotropy, surface e!ects, dipolar interactions, phase transitions and imperfections. Thus
measurements of spin wave frequencies can give important information on characterizing di!erent magnetic materials
and structures. In this paper we outline the major results and calculational methods for long-wavelength spin waves in
thin "lms and multilayers. While the primary attention is on ferromagnet-based structures, long-wavelength spin waves
in antiferromagnets are also discussed. We indicate how particular measurements of spin wave frequencies can be used to
extract the fundamental parameters of the di!erent structures. ( 1999 Published by Elsevier Science B.V. All rights
reserved.
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1. Introduction

Why study spin excitations in magnetic mater-
ials? There are basically two fundamental
reasons:
(1) All the parameters which characterize the mag-

netic material } anisotropy, exchange coupling,
magnetization, surface e!ects, impurities, dipo-
lar interactions, and magnetic structure } play
a role in determining the frequency of the al-
lowed spin waves. As a result, measurements of
spin waves are very useful in determining the
fundamental parameters of magnetic struc-
tures.

(2) Spin waves are the fundamental excitations of
the magnetic material. As is well known, for
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example, they determine the low-temperature
behavior of the magnetization. In addition the
low-frequency spin waves are excellent indi-
cators of magnetic phase transitions since these
transitions are often indicated by a soft mode
or by substantial changes in frequency [1}3].

In this paper we will outline the key features of
spin waves in thin "lms and multilayers. We start
with a description of the theoretical calculations for
long-wavelength spin waves in thick ferromagnetic
"lms and see how this can be used to determine the
magnetization and gyromagnetic ratio. These in-
itial calculations are done within a macroscopic
basis where the dipolar "elds are treated via Max-
well's equations. We then look at thinner "lms
where exchange e!ects become important and
show how spin wave frequencies may be used to
determine the exchange coupling in very thin "lms
and the inter"lm exchange in magnetic multilayers.
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For ultrathin "lms and for systems where the mag-
netization can change its direction or magnitude
from layer to layer a microscopic description of the
coupled spin system is more appropriate. Finally,
in the last section we outline the calculations for
spin waves in antiferromagnets.

Throughout this paper we try to indicate how the
properties of the spin waves may be measured and
also how these measurements have been used to
extract the basic magnetic constants of a particular
structure.

2. Long-wavelength spin waves in thick
ferromagnetic 5lms

As mentioned above, spin wave frequencies are
sensitive to many parameters including dipolar
"elds, magnetization, exchange coupling, anisot-
ropy, and surface conditions. In general this can
make calculation of the spin wave frequency
a lengthy operation. However, for thick ferromag-
netic "lms there are cases where simple and funda-
mental analytic expressions can be obtained for the
spin wave frequencies. As we shall see below, in this
limit it is the dipolar "elds which are most impor-
tant and other contributions may be neglected.

In general one has to calculate the spin motion
through the equations of motion which connect the
time dependence of the magnetization M to the
local e!ective "eld:

dM
dt

"cM]H
%&&

. (1)

For a thick ferromagnet, we can approximate the
e!ective "eld by a constant external "eld H

0
in the

z direction and a #uctuating "eld in an arbitrary
direction. This #uctuating "eld h(t) represents the
dipolar "eld and as a result we will eventually have
to impose Maxwell's equations to describe this
"eld. Thus we have

dM(t)

dt
"cM(t)](H0z(#h(t)). (2)

One might think that the large exchange "eld, H
%9
,

would also have to be included. In general this is
true, however in the long-wavelength limit the

neighboring spins are all parallel. This means the
exchange "eld is in the same direction as the mag-
netization since H

%9
is proportional to M in the

long-wavelength limit. As a result, the exchange
"eld produces no net torque on the magnetization
since M]H

%9
"0.

We now assume that the magnetization can be
separated into a large portion M

4
pointing along

the external "eld, and a small dynamic portion m(t),
i.e.

M(t)"M
s
z(#m(t). (3)

When Eq. (3) is substituted into Eq. (2) we can
connect the dynamic magnetization to the dynamic
dipole "eld h(t). Since we are looking for oscillatory
solutions we take all dynamic terms to vary as
exp(!iut). Furthermore, we linearize the set of
equations by assuming that second-order terms
} terms such as h

x
m

y
} can be dropped from the

equations. After some algebra, we can solve for the
dynamic magnetization. This connection can be
put in the form of a dynamic susceptibility tensor s:
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Using the usual de"nition k"1#4ns, we ob-
tain the frequency-dependent permeability. For
a simple ferromagnet (with no anisotropies) this has
the form

k(u)"A
k
1

!ik
2

0

#ik
2

k
1

0

0 0 1B. (6)

The explicit elements of the permeability tensor are
given by [4]

k
1
(u)"1!4pA

c2M
4
H

0
u2!cH2

0
B, (7)

k
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0
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It is worthwhile noting how k
1
and k

2
behave when

the external "eld, H
0
, is reversed since this will lead

to some interesting and important behavior later.
Reversing H

0
changes the sign of both H

0
and M

4
.

This leaves k
1

unchanged and k
2

reverses sign. The
fact that k

2
is odd under a reversal of H

0
eventually

leads to interesting nonreciprocal e!ects.
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We now want to learn something about the mag-
netic waves which can propagate in a magnetic
material [5}8]. First imagine the magnetic material
is in"nite in extent, i.e. we neglect surface e!ects.
We must now solve that static form of Maxwell's
equations

+ ' b"0, (9)

+]h"0 (10)

along with constitutive relation

b"kh (11)

found earlier. Here, as elsewhere in this paper we
use lower case variables to indicate that we are
dealing with the #uctuating portions of the various
"elds. Eq. (10) means that h can be found in terms
of a magnetic scalar potential, i.e.

h"!+/ (12)

and it will be this scalar potential that we will
eventually solve for. Using Eqs. (9)}(12) we "nd

k
1A

L2/
Lx2

#

L2/
Ly2B#

L2/
Lz2

"0. (13)

This has the form of an anisotropic Laplace's equa-
tion and is sometimes known as the Walker Equa-
tion [6].

Now, we can look for wave-like solutions and see
what frequencies are possible. We assume as an
example that the scalar potential looks like a bulk
wave propagating in the xz plane. The relationship
of the wave vector, coordinate axis and external
magnetic "eld is shown in Fig. 1.

/(x, y, z, t)"/
0
(y)ei(kxx`kzz~ut). (14)

We can change the direction of the wave by choos-
ing di!erent values for k

x
and k

z
. We plug our

solution into Eq. (5) and get

k
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(u)"!A
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z

k
x
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2
. (15)

Put this in terms of the direction or propagation by

k
x
"k cos(h), (16)

k
z
"k sin(h) (17)

and the frequency depends only on the direction of
the wave according to

u"cJH
0
(H

0
#4pM

4
cos2 h). (18)

Fig. 1. Thin "lm geometry. The external "eld is applied parallel
to the surface of the "lm. The wave propagates at an angle q with
respect to the x-axis.

Two characteristic frequencies emerge from this
equation. The minimum allowed frequency for
these bulk waves is cH

0
while the maximum fre-

quency is c(H
0
B)1@2, where B"H

0
#4pM

4
.

One can also look for bulk and surface waves in
the thin "lm [5]. The geometry for a thin "lm is
illustrated in Fig. 1. Surface waves are character-
ized by a scalar potential which is composed of
a sum of exponentially increasing and decreasing
functions within the "lm and solutions which decay
exponentially with distance outside the "lm. For
a "lm of thickness ¸ one has:

/(x, y, z, t)"/
a
e~ayei(kxx`kzz~ut) for y'¸, (19)

/(x, y, z, t)"(/
b
e~by#/

c
e`by)ei(kxx`kzz~ut)

for y inside "lm, (20)

/(x, y, z, t)"/
d
e`ayei(kxx`kzz~ut) for y(0. (21)

When these equations are substituted into the an-
isotropic Laplace equation, and then the boundary
conditions of the continuity of tangential H and
normal B are imposed at the surfaces of the "lm,
one then "nds the implicit dispersion relation for
both bulk and surface modes in a thin "lm. For
bulk modes b is imaginary; this results in waves
which have a standing wave-like character perpen-
dicular to the surfaces of the "lm.

The di!erent type of waves which can propagate
in the thin "lm are illustrated schematically in Fig.
2. One particularly interesting feature is that the
surface mode is localized at the top or bottom of
the "lm depending on the direction of propagation.
We will see later on that this nonreciprocal [9]
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Fig. 3. Frequencies for bulk and surface spin waves as a function of applied magnetic "eld for a thick ferromagnet. Anisotropies are
neglected. The small peaks in the inset are from bulk magnons.

Fig. 2. Illustration of the behavior of the scalar potential as
a function of y for bulk and surface modes in a ferromagnetic
"lm. Note that reversal of the direction of the wave reverses the
localization of the surface mode. The "lm is fairly thick so that
k
x
¸"3.

localization is very evident in experimental
measurements.

For propagation perpendicular to the applied
"eld, the dispersion relation for surface modes can
be put in an explicit form

u
4
"c[(H

0
#2pM

4
)2!(2pM

4
)2e~2@kX@L]1@2. (22)

Again we note the characteristic limits. For thick
"lms (where the wavelength is much smaller than
the thickness of the "lm) one "nds the surface
mode frequency has its maximum value u

s
"

c(H
0
#2pM

4
). For very thin "lms the surface mode

has its minimum value of c(H
0
B)1@2, which is also

the top of the bulk spin wave band.
We pause here to note the utility of the results

just developed. For example, the bulk and surface
frequencies of a thick "lm can be measured as
a function of applied "eld in a Brillouin light scat-
tering (BLS) experiment [10}12]. A typical result
for an applied "eld of 3 kG is shown in the inset of
Fig. 3. Note that the surface magnon peak (SM)
appears on only one side of the spectrum as a result
of the nonreciprocal localization discussed earlier.
From the peaks seen in the BLS experiment, one
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can plot the frequencies of the bulk and surface
modes as a function of applied "eld as seen in
Fig. 3. The slope of the surface mode line gives
the gyromagnetic ratio c, and the intercept
then gives an absolute measurement for the mag-
netization!

The treatment above is appropriate for a system
with low anisotropy, i.e. permalloy, or for a poly-
crystalline material. For magnetic materials with
strong crystallinity one needs to introduce mag-
netic anisotropy [13].

3. Thin ferromagnetic 5lms

In the development above, we assume that the
wavelength of the spin wave was su$ciently long so
that every spin was essentially parallel to its
neighbor. For thinner "lms this assumption breaks
down for the following reason. As we discussed
previously, the bulk modes in a "lm have the
characteristics of standing spin waves, with the
e!ective wavelength perpendicular to the "lm being
on the order of the thickness of the "lm itself.
Thus for thin "lms the e!ective wavelength can be
quite small and neighboring spins can no long be
parallel.

One way to include the exchange contributions
to the e!ective "eld is to introduce an e!ective
exchange "eld [7] in the form of

H"D+2m, (23)

where D is the exchange sti!ness constant. Ulti-
mately, the exchange terms act like an e!ective
external magnetic "eld acting in the z direction. The
total `externala "eld is then given by

H
505!-

"(H
0
#Dk2

y
)z( , (24)

where k
y
is the component of the wave vector per-

pendicular to the surfaces of the "lm.
As an approximation we can thus just replace the

H
0

in the dispersion relation by H
505!-

. The bulk
mode frequencies are now given by

u"cJ(H
0
#Dk2

y
)(H

0
#Dk2

y
#4pM

4
). (25)

What values are appropriate for k
y
? A reasonable

approximation is to think of our standing wave

picture in the y direction. Then

k
y
"A

np

¸ B where n"1, 2, 3,2 . (26)

We can now make an estimate for a typical value
for the exchange "eld. For Fe D"2.2]
10~9 G/cm2. Suppose n"1 and ¸"100 As "
10~6 cm. Then Dk2

y
"21.7 kG which is a substan-

tial contribution to the frequency.
A Brillouin light scattering measurement of the

spin wave modes on a thin ferromagnetic "lm
shows a series of standing wave modes [14}16] as is
illustrated in Fig. 4. We emphasize that these
measurements can be used to characterize the ex-
change constants and thickness of a ferromagnetic
"lm. Such a measurement is substantially easier
than the measurement of spin wave modes in neu-
tron scattering for example, and more direct than
an extraction of the exchange constants based on
thermal behavior. A collection of data regarding
exchange constants is found in Ref. [17].

Although we do not pursue this topic here, BLS
and other RF measurement techniques [18}20]
such as ferromagnetic resonance have been used to
carefully characterize a variety of thin magnetic
"lms. In particular, the bulk and surface aniso-
tropies for thin "lms can be easily determined
through these techniques [21}23].

Fig. 4. Calculated Brillouin light scattering spectra for Fe "lms
of di!erent thickness. The small bumps represent scattering from
the standing spin waves of di!erent orders.
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4. Multilayers } dipolar coupled

Due to advances in the technology of thin "lm
growth, it became possible to fabricate high-quality
magnetic multilayer structures in the 1980s. Among
the "rst systems studied experimentally were ones
composed of alternating "lms of ferromagnetic ma-
terials and nonmagnetic materials. The nonmag-
netic spacer material was generally quite thick (on
the order of 200}2000 As ) and as a result there was
no direct exchange-like coupling between the fer-
romagnetic "lms. The geometry of the multilayer is
illustrated in Fig. 5. However, the precessing spins
in one ferromagnetic "lm produce a dipolar "eld
which extends out to in#uence the motion of spins
in other ferromagnetic "lms.

The spatial extent of the dipolar "eld is on the
order of 1/wavevector. For spin waves measured
with Brillouin light scattering, typical wave vectors
have sizes of 105/cm so the dipolar "eld from one
"lm can extend about 1000 As . In this case one must
solve for the coupled spin wave modes of the entire
structure. For a small number of layers, this calcu-
lation is very similar to the one presented earlier.
One assumes that the magnetic scalar potential in
one of the ferromagnetic "lms can be expressed as
a plane wave parallel to the surface and a sum of
exponentially increasing and decreasing solutions
perpendicular to the surface. Explicitly, one would
have

/(x, y, z, t)"ei(kxx`kzz~ut)(A
`
e`by#A

~
e~by). (27)

Similar expressions would hold for the other fer-
romagnetic "lms and for the nonmagnetic "lms.
The exponential decay parameters in each region
are determined by substituting the expression for
/ into the anisotropic Laplace equation. The am-
plitudes (A

`
and A

~
in the example above) for each

region are initially unknown. However, by impos-
ing the usual boundary conditions that the tangen-
tial components of H and normal components of
B are continuous one obtains a set of homogeneous
equations with the unknown amplitudes as the
variables. In order to have a nontrivial solution the
determinant of the coe$cient matrix must be zero.
This condition allows one to "nd the dispersion
relation, i.e. to connect the frequency of the mode,
u, to the wave vector k.

Fig. 5. Superlattice geometry. The thickness of the ferromagnet
is d

1
and the thickness of the nonmagnetic spacer is d

2
.

The procedure above can, in principle, be used to
"nd the spin wave modes for an arbitrary multi-
layer [24]. In practice, it becomes nearly impossible
to solve this analytically for more than two fer-
romagnetic "lms and for larger structures numer-
ical methods must be used to "nd the zeros of the
determinant. It is therefore of interest to have some
sophisticated treatments [25}28].

For a multilayer system with strict periodicity
[25,28] the problem of "nding the dispersion rela-
tion for the collective modes of the entire structure
is similar to the problem of the one-dimensional
Kronig}Penny model. For the bulk collective
modes } the modes in an in"nitely extended struc-
ture } one seeks solutions for the scalar potential
which obey Bloch's theorem in the direction of
periodicity, the y direction. Thus we expect that the
solutions in one unit cell of the periodic structure
are related to those in a neighboring cell by
a simple phase factor, i.e.

/(y#¸)"ei(QML)/(y). (28)

Using this assumption to connect the solutions in
one unit cell to another, one then imposes the
boundary conditions at the interfaces inside the
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unit cell and this eventually results in the dispersion
relation for the bulk collective modes. The general
result is complicated, however a simple result
emerges for propagation perpendicular to the ap-
plied "eld and for thin "lms

u2"c2AH2
0
#

4pM
4
H

0
d
2

d
1
#d

2

#

4pM
4
H

0
d
1

d
1
#d

2

Q2
M

Q2
M
#Q2

,
B.

(29)

This gives the frequency as a function of the in-
plane propagation wave vector parallel to the
layers, Q

,
, and in terms of the wave vector

Q
M

which governs the phase di!erence from one
unit cell to the next. Here d

1
and d

2
are the thick-

ness of the magnetic and nonmagnetic "lms, respec-
tively.

For a semi-in"nite structure we need to look
for solutions for the scalar potential which are
localized near the surface of the structure and
which decay exponentially as one moves from the
top unit cell deeper into the structure. As a result
the solutions for the collective surface wave have
the form

/(y#¸)"e~aL/(y). (30)

After application of the boundary conditions for
a unit cell one "nds the dispersion relation for the
surface mode.

It is important to understand the physical nature
of the spin wave modes in the superlattice. The
collective modes of the entire structure can be com-
posed of bulk modes within each "lm or of surface
modes within each "lm. This is illustrated in Fig. 6
where we show collective bulk and surface modes
which are composed of surface modes in each "lm.

When the collective mode is composed of sur-
face-type modes in each "lm, the solution turns out
to be remarkably simple

u"

c
2

(H
0
/cos h#(H

0
#4pM

4
)cos h). (31)

This is, in fact, just the dispersion relation for
a semi-in"nite ferromagnet. Thus it almost appears
as if the layering plays no role at all. However, this
is not true because one "nds additionally that the
collective surface mode only exists if d

1
'd

2
, i.e. if

the ferromagnet "lm thickness is greater than the

Fig. 6. The scalar potential as a function of position for a collec-
tive bulk mode and a collective surface mode. Note that within
a "lm the scalar potential has the characteristics of a surface
mode in either case.

thickness of the nonmagnetic material. The disper-
sion relations for collective bulk and surface modes
(composed of surface modes in each "lm) are illus-
trated in Fig. 7. Here we see that for d

1
'd

2
a sep-

arate surface mode exists at a frequency above the
bulk band. The bottom portion of Fig. 7 presents
the experimental results [29] which show that
a higher frequency mode exists only for d

1
'd

2
.

Again we note that the surface mode peak appears
on one side of the BLS spectrum.

A variety of other methods have been developed
and employed to deal with the dipolar coupled
system. These include the e!ective medium method
[30,31] and the transfer-matrix method [32].

5. Multilayers } exchange coupled

As we have seen above, two ferromagnetic
"lms separated by a thick nonmagnetic "lm
interact via the long-range dipolar "elds. When
ferromagnetic "lms are separated by very thin
(5}50 As ) nonmagnetic spacers there can be
additional interactions which can be represented
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Fig. 7. Top portion shows the dispersion relations for bulk and
surface collective modes in a semi-in"nite magnetic superlattice
as a function of the ratio of the thicknesses of the ferromagnet
and the nonmagnetic spacer. The bottom portion shows the
experimental BLS spectrum indicating that a surface mode
exists for d

1
/d

2
'0 but not for d

1
/d

2
(0.

mathematically as an e!ective exchange interaction
between the spins at the surfaces of the "lms. This
exchange interaction is thought to arise from a spin
polarization of the conduction electrons in the non-
magnetic spacer and depends in part on the thick-
ness of the nonmagnetic "lm.

A variety of di!erent types of exchange interac-
tions have been observed. First the usual bilinear
exchange energy has the form

E"!AM
1
' M

2
. (32)

This represents an e!ective exchange between the
magnetizations in "lms 1 and 2 with exchange
coupling constant A. If A is positive the coupling is
ferromagnetic in nature while a negative A indi-
cates antiferromagnetic coupling. In typical sys-
tems such as Fe/Cr/Fe [33] or Co/Cu/Co [34] the
exchange coupling constant between the ferromag-

netic "lms oscillates from positive to negative as the
thickness of the nonmagnetic "lm is increased.

In addition to the usual bilinear exchange, a bi-
quadratic form of exchange is sometimes needed to
describe the magnetic coupling between the two
ferromagnetic "lms [35]. The biquadratic energy
has the form

E"!A
2
(M

1
' M

2
)2. (33)

The key characteristic allowing identi"cation of
biquadratic exchange is that the magnetic moments
in the two "lms are neither parallel nor antiparallel
to each other in zero "eld but are at a 903 angle
with respect to each other.

Measurements of spin waves are particularly
helpful in obtaining reliable values for the inter-
facial exchange coupling constants. To see this, we
use an analogy of two identical pendula coupled by
a spring. Each pendulum independently has a fun-
damental oscillatory mode. When coupled through
the spring, two modes for the system emerge. One
mode } often known as the acoustic mode } has
both pendula moving in phase. As a result the
spring is neither compressed or expanded and the
frequency of this mode is independent of the coup-
ling. The other mode } the optic mode } has the two
pendula moving out of phase and the spring thus
plays an important role in determining the fre-
quency of the coupled motion. The same consider-
ations come into play for two coupled
ferromagnetic "lms. If the spin motions in the two
"lms are in phase, the exchange coupling plays no
role in the frequency. In contrast, out of phase
motion is very sensitive to the interfacial exchange
coupling. Fig. 8 shows the behavior of the fre-
quency of the two modes as a function of exchange
strength for two exchange-coupled ferromagnetic
"lms [36,37].

This sensitivity to the interfacial coupling can be
of great advantage in determining the exchange
coupling between ferromagnetic "lms, and, in fact,
this method can be used where other methods fail.
As an example consider "rst two identical fer-
romagnetic "lms with antiferromagnetic coupling
through the nonmagnetic spacer "lm. In zero "eld
the magnetizations of the two "lms are antiparallel
and the net magnetization is zero. By applying an
external "eld one can force the magnetizations in
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Fig. 8. Frequencies for the acousitic and optic modes in a
structure composed of two exchange-coupled permalloy (P)
"lms in a P/Pd/P structure. The experimentally found frequen-
cies for di!erent Pd interlayer thickness are shown with a cross
symbol.

the two "lms to eventually be parallel to the ex-
ternal "eld and the exchange coupling can then be
calculated based on the "eld necessary for satura-
tion. If however the coupling between the two mag-
netic "lms is ferromagnetic in nature, the two
magnetizations saturate immediately and this pro-
cedure does not work! In contrast, a measurement
of the spin wave frequencies, and in particular the
out of phase spin wave, gives a good measurement
for the e!ective exchange coupling between "lms.

The complete calculation for the spin wave
modes in dipolar and exchange coupled ferromag-
netic "lms tends to be complex and lengthy and we
do not outline these methods here. A number of
di!erent schemes have been explored [38}43]. One
method is to use a continuum model to describe
dipole-exchange spin waves in each ferromagnetic
"lm and then include the interfacial coupling as
a boundary condition [38}40]. An e!ective me-
dium scheme which is appropriate to long
wavelength spin waves has also been useful
[30,41}43].

6. Ultra-thin 5lms and multilayers

Up to now we have discussed methods which are
based on a continuum model where the dipolar
"eld could be treated via Maxwell's equations.
When the number of magnetic layers is small, say

2}100 atomic layers, it is more appropriate to deal
with the system using a discrete model where each
layer is treated independently. In this case one
writes down a local energy density appropriate to
each layer [44}48]. Schematically, one has

E(i)"E
!/*405301:

#E
$*10-!3

#E
%9#)!/'%

#E
Z%%.!/

.

(34)

The e!ective "eld acting on layer i is then found
through the usual de"nition

H
%&&

(i)"!

RE(i)

RM(i)
. (35)

Then the equation of motion for the magnetization
in layer i may be written simply as

dM(i)

dt
"c(M(i)]H

%&&
(i)). (36)

This is done for each layer in the structure indepen-
dently. This procedure allows for tremendous #ex-
ibility in constructing the system. Surface
anisotropies or inter"lm exchange "elds which act
on the outermost layer, for example, are easily
included. One may also assume a magnetization
which varies in magnitude or direction from layer
to layer.

The normal modes of the system may now be
calculated straightforwardly. It is assumed that the
time dependence of all #uctuating terms is
exp(!iut). The coupled set of equations of motion
may then be linearized and put in a typical eigen-
value form

A
M

11
!iu M
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M
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2 M

1p
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!iu M
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x
(N)
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(N)B"0 (37)
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and solved numerically. In Eq. (37) we have as-
sumed that the saturation magnetization in each
layer is aligned with the external "eld along the
z-axis. In that case N is the total number of mag-
netic layers and p"2N. (For the general case with
the magnetization direction varying from layer to
layer one would have to include the x, y and z com-
ponents of the magnetization in the matrix above
and then p"3N.) The solution is easily accomp-
lished when the dimension of the matrix is 200 or
less, and methods exist for "nding the lowest eigen-
values for much larger matrices.

An interesting variation of this method is to use
a numerical scheme which calculates the dynamic
motion of the spins to "rst "nd the equilibrium spin
con"guration [49] and then the spin wave modes
[50]. As above, an e!ective "eld approach is used
to "nd the coupled equations of motion for the
spins in each layer. The system is then given some
initial con"guration and allowed to evolve in time
according to the equations of motion. As a result of
damping, the system evolves to a structure where
the spins in each layer are pointing along their local
e!ective "eld direction. This e!ectively "nds a min-
imum energy state where the spins in each layer can
point in di!erent directions.

The equations of motion for the magnetization in
layer i is now given by

dM(i)

dt
"cM(i)]H

%&&
#aM(i)]M(i)]H

%&&
. (38)

In the above equation, the "rst term on the right
represents the torque produced on a spin in layer
i by an e!ective magnetic "eld. The second term is
the Landau}Lifshitz damping term which allows
the spin to decay to the local "eld direction, but
keeps the magnitude of the spin constant. Here c is
the gyromagnetic ratio and a is the e!ective damp-
ing parameter. We note that the dipole "eld in
ultra-thin structures can be treated by including
a simple demagnetizing term.

The coupled set of equations is then given an
initial state and iterated forward in time through
a Runge}Kutta method. The equilibrium position
is found by using a large value for the damping
constant a. This forces the system to dynamically
relax to the ground state. A small perturbation is

Fig. 9. Frequencies for the two lowest spin wave modes in an
antiferromagnet as a function of applied "eld. As the "eld is
reversed a twist is built into the antiferromagnet and this is
where the frequency shows a sharp drop.

then added to the con"guration and the time evolu-
tion of the spin motion is calculated. The normal
mode frequencies are then found by using a Fast
Fourier Transform of the time-dependent spin
motion.

The method is particularly useful for systems
where the magnetization points in slightly di!erent
directions in each layer. Recent examples include
the calculation [51] of the structure and spin wave
modes in a spiral-like structure of Fe/Sm}Co, and
the calculation of the structure [50] and spin wave
modes [52] in a ferromagnet/antiferromagnet
structure which exhibits exchange biasing. As an
example we show the calculated frequencies for the
fundamental spin wave modes in an antiferromag-
net exchange coupled to a ferromagnet in Fig. 9. As
the applied "eld is reversed from its positive value
the ferromagnet begins to build a twisted state in
the antiferromagnet, and this is re#ected in the
sudden drop in antiferromagnet spin wave frequen-
cies. This method has also been used to discuss
surface phase transitions in Fe/Cr/Fe multilayers
with uniaxial anisotropy [53].

7. Spin waves in antiferromagnets

The properties of antiferromagnets have recently
received renewed attention for a variety of reasons.
Many antiferromagnets are insulators and there-
fore have very di!erent properties from the thor-
oughly studied ferromagnetic metals of Fe, Ni and
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Co. For example, anisotropy "elds in antiferromag-
nets are often in the 100 kG range compared to the
1 kG or less found in the transition metals. Also,
antiferromagnets play an important role in the ex-
change biasing [54] of ferromagnetic "lms, a fea-
ture of current importance in magnetoresistive
reading heads [55]. Again in contrast to ferromag-
nets, antiferromagnets can have long-wavelength
spin excitations in the infrared (IR) frequency re-
gime. This makes antiferromagnets of interest for
signal processing in the infrared.

In the long-wavelength limit the dynamic prop-
erties of a magnetic insulator are governed prim-
arily by the frequency-dependent permeability
tensor as we have discussed previously. For an
antiferromagnet, a calculation of this tensor begins
with the equations of motion for the spins on the
two sublattices:

dM
1

dt
"c(M

1
]H%&&

1
) (39)

and

dM
2

dt
"c(M

2
]H%&&

2
). (40)

In the above equations M
1

and M
2

are the magnet-
izations on the two sublattices, c is the gyromag-
netic ratio and H%&& is an e!ective "eld acting either
on sublattice 1 or 2.

The e!ective "eld has a number of contributions.
For example the e!ective "eld acting on sublattice
1 is given by

H%&&
1
"H%9#)!/'%

1
#H!/*405301:

1
#H

0
#h

$*10-!3
(41)

with a similar expression for the e!ective "eld on
sublattice 2. Here H

0
is the applied "eld. The ex-

change "eld is typically the largest of all the "elds
above with a magnitude on the order of 100 to
1000 kG. A key point to notice is that the exchange
"eld acting on sublattice 1 comes primarily from
the magnetization on sublattice 2, i.e.

H%9#)!/'%
1

"jM
2
, (42)

where j is the exchange coupling constant. Even in
the long-wavelength limit, the two sublattices do
not have to be parallel and as a result the large

exchange "eld produced by sublattice 2 in#uences
the motion of sublattice 1 through Eq. (39).

The large exchange "eld is a signi"cant di!erence
between the ferromagnet and the antiferromagnet
and explains why antiferromagnet excitations lie in
the infrared while long-wavelength ferromagnetic
spin wave frequencies are in the few GHz region. In
the ferromagnet } in the long-wavelength limit
} the exchange "eld is simply proportional to the
magnetization:

H%9#)!/'%"jM. (43)

As a result the contribution of the exchange "eld in
the equations of motion is zero since M]jM"0.
So even though the exchange "eld is very large, it
does not in#uence the motion of the spins. In the
antiferromagnet, however, the exchange "eld does
play a role, and the resulting frequencies are much
higher.

Using the expressions for the exchange "eld and
any external and anisotropy "elds, the coupled
equations of motion for the two sublattices can be
solved to relate the dipolar driving "elds to the
#uctuating magnetization. We assume a time de-
pendence of exp(!iut) for all the dynamic "elds
and obtain the frequency-dependent susceptibility
tensor de"ned through the equation

M"v(u)h
$*10-!3

. (44)

The frequency-dependent permeability is then
found through the usual de"nition

l(u)"1#4pv(u). (45)

The explicit form for the permeability can be
found in Ref. [56]. Having found the permeability,
the electromagnetic modes for the antiferromagnet
may be found in the usual way [57]. One looks
for wave-like solutions which satisfy Maxwell's
equations inside and outside the antiferro-
magnet. These solutions are then matched using the
electromagnetic boundary conditions at the
surface of the antiferromagnet, and this results in
the dispersion relation. In contrast to the calcu-
lations for the ferromagnet, here the frequency is
much larger and it is therefore usually appropriate
to use the full (retarded) set of Maxwell's equations
when calculating the spin modes for the anti-
ferromagnet.
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A number of di!erent structures and geometries
have been considered theoretically in the literature.
Both easy plane and uniaxial antiferromagnets
have been studied, and general geometries with
arbitrary directions for the applied magnetic "eld
and for the direction of propagation have been
examined. Much of this work is summarized in the
review article found in Ref. [58].

As an example, consider a geometry where the
surface of the antiferromagnet lies in the xz plane.
The results take a particularly simple form for
a uniaxial antiferromagnet where the easy axis and
the external "eld are both along the surface and
parallel to each other (along the z-axis), and the
direction of propagation is perpendicular to the
external "eld, i.e. in the xy plane. We look for
electromagnetic waves with the electric "eld paral-
lel to z and the magnetic "eld in the xy plane (s
polarized). With no external "eld, one may "nd that
the permeability tensor is given by

l(u)"A
k
1

0 0

0 k
1

0

0 0 1B, (46)

where

l
1
(u)"1#

8nH
A
M

u2
0
!u2

. (47)

Here u
0

is the resonance frequency given by

u
0
"c[H

A
(2H

E
#H

A
)]1@2 (48)

and M is the saturation magnetization of one
of the sublattices. In FeF

2
the anisotropy "eld

H
A
"197 kG and the exchange "eld H

E
"533 kG

and M"0.56 kG. With a gyromagnetic ratio of
c"0.105 cm~1/kG this gives a resonance fre-
quency of 52.4 cm~1 or about 1500 GHz.

When the applied "eld is zero the dispersion
relations have relatively simple forms. The disper-
sion relation for the bulk polaritons in zero "eld is
given by the relation

k2
x
#k2

y
"ek

1
u2/c2, (49)

where k
x

is the component of the wave vector
parallel to the surface and k

y
is the wave vector

component perpendicular to the surface. The dis-
persion relation for surface polaritons is given by

an implicit dispersion relation

k2
x
"A

e!k
1

1!k2
1
Bk1

u2/c2. (50)

The results for the bulk and surface polaritons in
FeF

2
with zero applied "eld are shown in Fig. 10.

We see two frequency regions which represent the
bulk excitations. Between the bulk bands we see
a surface mode which is reciprocal, i.e. the fre-
quency does not depend on the sign of the wave
vector.

A very di!erent dispersion curve is found when
there is an external magnetic "eld as can be seen in
Fig. 11. Now there are three bulk bands. While the
bulk modes are reciprocal, the surface modes are
clearly nonreciprocal. For example one mode
which exists at higher frequencies for !k

x
has no

counterpart for #k
x

in the same frequency
range.

Since these excitations are in the infrared, it is
natural to use infrared radiation as a probe. We
note that this has been done in the past using a laser
at a single frequency [59,60] and also with a FTIR
system [61,62]. A particularly e!ective method is to
use the attenuated total re#ection (ATR) technique
which allows external radiation to couple to the
surface modes e!ectively [63}65].

Fig. 10. Calculated dispersion relations for bulk and surface
polaritons in FeF

2
. The frequency, u/2nc, is given in wavenum-

bers. The applied "eld is zero and so both bulk and surface
modes are reciprocal, i.e. u(#k

x
)"u(!k

x
). Propagation is

perpendicular to the easy axis.
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Fig. 11. Dispersion relations for bulk and surface polaritons in
FeF

2
with an applied "eld of 3 kG. In contrast to the H"0 case

there are now three bulk bands and the surface modes are
strongly nonreciprocal.

Fig. 12. ATR re#ectivity geometry. Reversing the incident and
re#ected waves reverses the direction of k

x
.

The ATR technique is illustrated in Fig. 12. Ex-
ternal light is incident on a Si prism with dielectric
constant e"11.57. Because of the high index of the
prism, the light is totally internally re#ected at the
base of the prism and the re#ectivity, in the absence
of a sample, would be unity. However, there is an
evanescent wave below the prism base which can
couple to electromagnetic modes in the sample.
When this occurs, the re#ectivity is reduced from
unity since some of the energy is transferred to the
sample. A broad region of depressed re#ectivity
corresponds to the existence of bulk bands,while
a sharp dip at one particular frequency corresponds
to a surface mode.

Fig. 13. Experimental and theoretical ATR re#ectivity as a func-
tion of frequency for FeF

2
in zero "eld. The broad regions of

depressed re#ectivity represent losses to bulk modes. The sharp
dip in re#ectivity represents the loss to the surface mode. The
angle of incidence in the prism is 303 and the gap between the
prism and the antiferromagnet is 17 lm.

In Fig. 13 we plot the ATR re#ectivity for the
case of zero "eld. The temperature here and in
Fig. 14 is 1.7 K. We see in this plot two broad
regions of depressed re#ectivity corresponding to
the two bulk bands of Fig. 10. In between there is
a sharp dip in re#ectivity, corresponding to the
surface mode, and then an increase in re#ectivity
corresponding to the gap between the bulk modes.
It is clear that the experimental results are in very
good agreement with both the theoretical calcu-
lations for ATR re#ectivity and for the dispersion
relations calculated in Fig. 10.

In Fig. 14 we again plot ATR re#ectivity but now
for a "eld of $3 kG. From the dispersion curve in
Fig. 11, we expect a total of three regions of reduced
re#ectivity corresponding to the three bulk bands.
In addition we expect sharper dips representing the
surface modes. These features are all present in Fig.
14. A key feature to note is that the surface modes
appear at di!erent frequencies depending on the
sign of applied magnetic "eld. This clearly demon-
strates the expected nonreciprocity of the surface
modes. It may be possible to exploit this nonrecip-
rocity for signal processing in the infrared. For
example, the ATR re#ectivity near 52.5 cm~1 is
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Fig. 14. ATR re#ectivity as a function of frequency for FeF
2

with an applied "eld of 3 kG. The angle of incidence in the prism
is 303 and the gap between the prism and the antigerromagnet is
17 lm. Note the large nonreciprocity in frequency at 52.5 cm~1.
The smooth curves are the theoretical results and the thinner,
jagged lines are the experimental results.

close to zero for positive "eld. In contrast, the wave
travelling in the reversed direction (equivalent to
reversing the applied "eld) has a re#ectivity of close
to 80%. Thus this system might be used as the basis
for a nonreciprocal isolator in the infrared.
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