Comprehensive Exam — Linear Algebra
Spring 2004

1. R® is a real vector space whose elements are the ordered triplets of real numbers: = =
(z1,Tq,73), T € R, Consider the following subsets of R:
Wi={zeR:r=(0,13,73)}, Wa= [reR:2=(2,0,73)}, Wia={ze R :2=(2,,1,,0)}.
(a}) Prove whether each of the following sets are subspaces of R3:
(3) I/V,, i= 1,2,3 (21.) W',-ﬂWj, 1 ?Ej (m) W,‘UWj, E?’-‘J (Z'U) Wan2nW3
(b) Show that R® = W, ® Wo3 ® W3y, where W; = W, N W;.

2. Consider the real vector space P(R) of all polynomials in z with real coefficients. Note that
P(R) is not finite dimensional. For each j > 1, define the linear transformations D’: P(R) — P(R)
. d'p(zx
by Di(p(a)) := L2, p(z) € P(R).
(a) Show that the linear transformation DV is onto.
(b) Find a basis and the dimension of the null space N(D?).
(c) Prove that forany n > 1, S = {D!, D?,..., D"} is a linearly independent subset of the vector
space of all linear transformations from P(R) into P(R).

3. Suppose 3 = {v1,v2,...,v,} is an ordered, orthonormal basis for an inner product space V over
a field F. For each ¢ = 1,2, ...n, define the functions T;: V — V by

Ti(z) :=<zx,v;> v, 2 €V,
where <., > is the inner product on V.

(a) Show that T; is a linear transformation. Determine the null space N(T;).

(b) Prove that the orthogonal complement of the range R(T;)* = N(T;).

(¢) Let T} denote the adjoint of T}, and let Ty and I denote the zero and identity transformations,
respectively, on V. Then establish the following properties of T;:

OT'=T, @T}=T W) =Ty, i35 (0)S Ti=1.
1 t 3 £

(d) Suppose for a certain linear transformation 7: V - V, the basis 3 given above, is a basis of
eigenvectors corresponding to eigenvalues A;, ¢ = 1,2,...n. Then prove that T is a normal
n

linear transformation. Also, show that T = Z AT

i=1

4. Suppose the minimal polynomial of a 6 x 6 matrix A is given by m(t) = (¢ — 1)%(¢t — 2).
(a) List the eigenvalues of A together with all possible algebraic muitiplicities.
(b) Is A diagonalizable? Justify your answer.
(c) Show that A is invertible and express A~! as a polynomial in A.
(d} Find the minimal polynomial of A~1.

Cool, there’s another problem on the back!



5. Given the 4 x 4 matrix

2 -1 0 1
10 3 -1 0
M*0110

0-1 0 3

(a) Find a Jordan canonical basis 3 associated with the matrix M.

(b) Determine a Jordan canonical form J for M and a matrix P such that P"'MP = J. You MUST
verify the relation P~!MP = J (with or without computing P~!).

: , S 2 (Je)* , :
{c} A matrix exponential function is defined as &(t) = z %, where J is a constant nxn matrix.
k=0 *

(i) Show that %‘b(t) = J®(t).

(ii) Compute ®(t) explicitly, with the J obtained above in part (b).
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