Master of Science Exam in Applied Mathematics
Analysis — August 19, 2005

There are 10 problems here. The best 7 will be used for the grade.
1. Consider the space of functions
C=C([0,1].R) ={f: fmaps [0,1] - R and fis continuous }
and define
d(f.g) = sup{lflx) - g(x)}: x € [0,1]}.
(a) Show that d(f,g) is a metric on C.
(b) Let
F=4{feC:0<Ax) < 1forx e[0,1]}.
Show that Fis (i) bounded and (ii) closed as a set in the metric space C under the metric
d(1.8).
(c) Define a sequence of functions {fu} in C by
falx) = x", x € [0,1].
Show that there is no subsequence {f,,} of the given sequence that converges in (C,d).
SOLUTION
(a) There are 4 properties to verify
1) d(f.f) = 0; this is clear.
2)d(f,g) = 0 = flx) = g(x), all x.
Proof : If not, there is a ¢ for which A1) + g(1). Then
df,g) = i) ~ g(n))> 0
3)Yd(f.g) = flg.pn; this is clear because Ax) - g(x)l= lg(x) — Ax)|, all x.
4) The triangle inequality :
d(f.g) < d(f.h) + d(h,g).
Proof: For all x,
) = g(x)] = J(fx) = h(x)) + (h(x) — g0e))| < [flx) ~ h(x)] + Jh(x) - g(x)] < d(f.h) + d(h.g).
Hence
d(f.g) = sup{fix) ~g(x)l: x € [0, 11} < d(f,h) + d(h,g).
b) (i) F is bounded because
B d(f.g) < d(£,0) + d(0,g) < 2. R
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. (ii) F is closed because if (f,) = F amd )0

.

C limd(fg) = 0 = lim(f,(x) - = Oyall x = limf,(x) = 0 <1.
__(9«‘/)/ | imd(f,.g) = hm(fa(x) — g(x)) {La x = limfy(x) = g(x) = 0 < glx) <
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c) If there is a subsequence £,, in F and a function g € F for which
limd(f,.g) = 0
then for all x
lim|x"* —2(x)| = 0 limx”* = g(x).

However

. 0 if xe[0,1)
limx" =
kesco 1 if x=1

and this function is not continuous on [0, 1].

2. Define a sequence {a,} in[-1,1] c Rbya, = sin(n). Even though there seems to be no
apparent pattern in the values of this sequence, it must have a convergent subsequence.
State the relevant theory that proves the existence of such a convergent subsequence.

SOLUTION The interval [-1,1]is a compact subset of R and one property of
compactness of a set in R is that every sequence in the set has a convergent subsequence.
3. Define g, : [0.1] » R by g,(x) = e,

(a) Show that lim .. g,(x) = 0 uniformly on [0, 1].

(b} Prove in addition that 3" g.(x) converges uniformly on [0, 1].

n=1

SOLUTION. (a) e™" < e, allx € {0,1] and lim,.,e™ = 0.
(b) Iga(x)| < e forall x e [0,1] and the geometric series >_ ™" converges, and so by
n=1

W-M test 3 g,(x) converges uniformly.

n=1



4. Letg : R*> R be defined by g(x,y) = sin(x/3) + cos(y/3).
(a) Show that the gradient vector of partial derivatives Vg = (0g/dx,gldy) satisfies
iVel=< 1/2 for all (x,y) € R?, (the vector norm is the Euclidean norm).
(b) The Mean Value Theorem asserts that if a function f: R*> R has continuous partial
derivatives on all of R* then for alf (x,, yo),(x,y) € R? there exists 0 = O(xo, yo,x,¥) € (0,1)
such that

fxp) = flxo.yo) + (V) « (x — xo,y - yo),
where the dot product is indicated in the formula and where each partial derivative in the
gradient vector Vf = (8fdx, 8f10y) is evaluated at the point
(xa +6(x — x0),y0 + 8y ~ yo)) e R?. Conclude that

lg(x,¥) — glxo.yo)i< (112)]|(x = x0,y — yo)|
for ali (x0,v0), (x,y) € R”.
(c) Define also # : R*> R by h(x,y) = sin(x/5) + cos(y/5), and define the mapping
F : R*> R? by F(x,y) = (g(x,), A(x,»)). Let (a0,b0) = (0,0) € R? and inductively define
(dust; bar1) = Flan, bs) € R”. Verify that the mapping F on R? is indeed a contraction and so
conclude by the Contraction Mapping Theorem (check the hypotheses please) that the
sequence {(an,b,)} has a limit in R2.



5. Letf:(0,1] > R

(a) Define uniform continuity for fon (0,1]

(b) Assume f'is uniformly continuous. Let {x.} be a Cauchy sequence in (0,1]. Show
that {f(x.)} is a Cauchy sequence in R.

SOLUTION (a) Forany ¢ > 0 there is a § > 0 for which

xe(0,1]andre (0,1]and [x- 4 < 6 = [fix) - A1) < .
(b) There is an A for which
n=mzN= [x,—xn| <§.

Hence

Axn) — flxm)| < &.

~ S f ox 0
ﬂx)ﬁ{ 1 if x=0

6. Define fon R by

(a) Show that f is continuous on R.

(b) Show that ' (0) exists and find £'(0).

Hint : One approach is 'Hospital’s rule.

SOLUTION. (a). Using I'Hospital’s rule,
sinx = lim (Sil’IX),

H [ H Cosx . =1
iy 35 =ty Sy s o -1

This shows that fis continuous at 0; for x + 0, continuity follows from the continuity of sin(x)
and of x.

(b) The difference quotient for £ (0) is

Snx sin{x) — x
X - x2
and using 'Hospital's rule twice :
]x'ff)‘ %—‘ix- 1 _ L‘f{)' sin(;rz) =X _ Lif'(} cos(;i -1 _ Li_]}} -—si;(x) _ 0.
Thus f'(0) exists and
f(0) = 0.

x # 0 f{x) is the quotient of functions having a derivative and so has a derivative.
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7. Let K be a compact set in a metric space (X.d) and let fbe a continuous real valued
functon on (X, d).
(a) Prove that there is an x € X for which

Sx) = sup{flt) : 1 € K}.

(b} Give an example of a set X < R and a function Jon K for which the assertion fails.

SOLUTION (a) There is a sequence 1, in X for which
&i_ggf(t;‘) = sup{f{t) : t € K}.
Since K is compact there is a subsequence ¢, which converges, say
* = lim b,
By continuity of f we have
fx) = Inin&f(tk,,) = lkirgf(tk) =sup{flt) : 1t € K}.
(b) Let K =R. Let
fxy=1-

x| +1°

Then f{x) < 1 for all x € R but

sup{flr) :te K} = 1.
8. One form of completeness of the real numbers R is that every bounded increasing
sequence converges. Use this property to prove that every Cauchy sequence in R
converges.

SOLUTION., Let (x,) be a Cauchy sequence. First, there is a positive integer N for
which
nZ2N=|x,—xn <1 = o < 1+ xy|.

Hence the sequence (x,) is bounded. Define

Vi =sup{x, : n < k}.
The sequence (y) is increasing and so z = lime.x vy exists. Fore > 0, there is a K for
which

k>K= -z < %
Since (x,) is a Cauchy sequence, there is an N > K for which
mk>N=|x, -y < %
Hence Ao
n2N=lxp~z| <t~y +lwi—z| < ¢
showing that

!,L'Sx" =z



9. Find the radius of convergence of each power series 3* a,x" .

0 if n=0 I if n=2* somek>0
a)as=n b)a, = c) ay =
L if n>0 0 if otherwise
SOLUTION (a) » = 1 by ratio test.
{(b) r = 1 by ration test.
(c) r = 1 by root test :
r= L =],

lim sup,,m(a,,)%
10. Let fbe a function with domain D < R?, range R?, and defined by
f(x,)”) = %s% .

a) What is the natural domain D of f?

b) The local inverse mapping theorem applies to /. Find the set ./ for which the theorem
guarantees a local inverse.

SOLUTION. (a) D = {(x,y) cx=x0andy + 0}.
(b) Let
Az} = (ulx,y), v(x.1))

The derivatives

ou _ 1 Ou _ _x
ox Yoy 2
ov __ Y ou _ 1
Ox Ty X

for (x,y) € D the Jacobian matrix is thus

M (x.y) = y

and the determinant is :

X

1
- d ¥ A _xV _
det{M(N(x.y)] = det| ) WSO

L
2 X

ES

Thus the local inverse mapping does not apply for every (x,y) € D. So the set is
J=0.



