Chapter 3- Trigonometric Functions

If 1 turn my car aroundto face the other direction, we say | have turned it 180degrees. Degrees
are oneof the units we use to measure an angle. We base the degree system off thefact that a
circle has 360j. So, if we®@eturningif ourangleisonequater of afull circle, we say it has

measure %(360") =90°.

However, thisis nottheway mog sciences measure angles. Jus as we have Fahrenhat and
Celsiusmeasures of temperature, there is more than oneway to measure an angle. The preferred
methodin thesciencesisto work inradians Almog all of your work in math from this point
forward will work in radians

To findthemeasure of an angle usng radians we use thefact tha acircle has 2! radians So, if
we are talking aboutan angle tha measures a quater of acircle, it radian measure would be

I
%(2! )= E . To convet between degrees and radians, we can use thefollowing:
1 radian = %L—ESO# degrees
% "
1 degree = §7 # radians
9 480"

Problems

1) Convet thefollowing degreesto radians

Degr | 30 45 60 75 90 105 | 120 | 135 | 150 | 180
€es
Radi
ans

Degr | 210 | 225 | 240 | 270 | 315 | 330 | 360

Radi




Trigononetric fundionsfor acute angles

To begin our convesation abouttrigononetric functions remember the Pythagorean theorem
guaantees for any righttriangle with sides of length a, b and ¢, the equation a®+b?*=c? will be
true Also, remember two famoustriangles: the45-45-90 triangle (thetriangle with angle
measures 45j, 45; and 90j) and the 30-60-90 triangle (the triangle with angle measures 30j, 60
and 90j). Any triangle with the angle measures of 45-45-90 will have sides with lengths

propottiond to 1, 1 and NO Any triangle with angles measuring 30j, 60; and 90; will have

sides with lengthspropottiond to 1, 2 and V3. These triangles with thar radian measures are
shown bdow.
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Since theratio of the sdes of any two similar triangles are the same, we have some fundionsto
describetheseratios Thesinefundionrepresentstheratio of thesideopposte” to the
hypoeneuse, thecosnefundionistheration of the sdeadjacentto " to the hypdenuse and the

tangent fundionistheratio of thesideopposte " to thesideadjacentto . These formulas can
beremembered as (BOHCAHTOAQ

sin/ =222
hyp
cos! - ad
hyp
tan/ =P
adj
, .
Example 1: Find Slng.
. . . . . . 0
Solution: We locate thetriangle with an angle measuring % Since sin measures h_pp we look
yp

I I
at thesideopposte E and ge& 1 andthehypdenuseis2. Thus sin'g L :

2



An easy way to remember thevalues for sineand cosnefor these basic acute anglesisto draw a
table. List thebasic anglesin increasing order as follows:

! 0 /6 /4 /3 12

s'nll

cos"

Then, fill in al theblankswith a fraction with a 2 in thedenominaor.

" 0 1/6 /4 1/3 1 /2
sn" 12 12 /2 /2 /2
cos" 12 12 /2 /2 /2

Working yourway across therow for sin, fill in with the numerators with O,l,\/i , \/5, 2.

" 0 1/6 /4 1/3 1 /2
sn" 0/2 1/2 N212 372 2/2
cos" 12 12 12 12 12

Ladt, fill inthecodnerow fromrightto left with the same numbers: 01,2, /3, 2.

" 0 1/6 /4 /3 /2
sn" 0/2 1/2 N212 372 2/2
cos" 2/2 V312 N212 1/2 0/2

Problems

2) Fill in thefollowing chart usng your knowledge of thetriangles. Do notuse theabove
chart.

! 0 ! ! T !
6 4 3 2
sin/
cos!
tan/




Trigononetric Fundionsfor Other Angles

Theabovemethodwill hdp usevauate thetrigomometric fundionsfor acute angles. To
evauae obtuse or negaive angles, we can apply thisinformationto thecircle with radiusr. If
we let (x,y) beany point onthecircle then thetrig fundionscan be defined as.

A
sin/ =Y &Y
r
r
cos! =X y
' < 0 >
tan/ :¥ \§

v

Note that this gives the same result as thetriangles above it@ jus a different way to look at it.

Example 2: Find cog0).

Solution: We mug find the x-coordinate and y-coordinate that correspondto theangle of 0. If
we assume welde working onacircle of radius 1, then the angle with measure 0 will intersect the
circle at thepoint (1,0). Thusx=1 andy=1 so cog0)=1.

Obtuse angles
To evalude thetrigononetric fundionsfor obtuse angles, we use theidea of reference angles.

Thereference angle of " isthemeasure of theangle between thetermind sideof " and the x-
! I
axis. So, for example, thereference angle of % is E because the measure from the x-axisto

VR 1 A
— is —.
6 6
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Evaluaing atrig fundion at any angle can beaccomplished by evaluaing tha fundion at it
reference angle and then adjuging thesign if necessary. Since sinedependsonyy, it is postive
wherey is postive: inthefirst and second qualrants. Since cosnedependson, it is postive
where x is postive: inthefirst and fourth quadrant. Since tangent degpendson both x andy, itis
postive when both x andy have the same sign: in thefirst and fourth quadrants.

A
This can beremembered as QAll Students Take Calculus)
S A
Sine All
« >
T C
Tangent Cogne
v

Example 3: Find Sin(%[) :
. (I e 7! R 1
Solution: To evaluae sm(?) , wefirst find the reference angle of Y whichis X So,
ingead of finding sin?/‘%f we find sin?/‘gft: % . Wethen check to be surethesignis correct.
0

! ~
Since % isin thethird quadrant, we know it@ sine value should be negaive, so

(e 1
Sindp—"=1—.
&6 # 2

Example 4: Find tané’iﬁ
%4 "

. 3 ! # 3.
Solution: Thereference angle of " ISZ' tan%. =1 and " isin the second quadrant
0/ n

where tangentis negaive. Thus tar(%) =-1.



Problems

3) Fill inthefollowing chart of values usng theunit circle, and your knowledgeof reference
angles.

/ ! 2! ! 41 5w 5r 7! 1v 3 1 i l 2!
3 3 3 3 6 6 6 2 4 4 4

sin/

cos!

tanfd

Other Trigononetric Fundions
Secant, cosecant and cotangent are related sine, cosine and tangent as follows:

1
CSC, -—
sin/
1
sec! =
cos!
1
cot! =
tan/

Oneway to remember which fundion goes with which istha thereis exactly one@oQin each
par.

Example 5: Evaluae secﬁ‘S—F

%4 "
Solution: To find sec® 1", we firgt find co> 1.
%4 " %4 "
55, 1
cos%—"=! —
&4# 2
SecC ﬁ = 1 = 1 =1 \/E
4 54, 1
(6(0) ! =




Problems

4) Fill in thefollowing chart uang your knowledge of thetriangles. Do notusetheabove
chart.

/ I I
6 4 3

csco

sec!

cot!

5) Fill inthefollowing chart of values usng theunit circle, and your knowledgeof reference
angles.

I 2! 4 Sm 5! 7! 1v 3 | 5 7!
3 3 3 3 6 6 6 4

csco

cot/




Graphsof thetrigononetric fundions
Thegraphsof thebasic trig fundionsare given be ow.
fx)=sin(x) f(X)=cos(X)
1.5 1.5
1
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Inverse trigononetric fundions

Sometimes we want to work atrigononetric fundion backwards So, given aratio of sides, we
want to findtheangle. To dothis, we use theinvese trig fundions Remember tha for a
fundionto have an inverse it mug passthehorizonta linetest. So, in orde to make ourtrig
fundionsinvertible werestrict thar domeins

sin'x=y if andonly if siny=x and 81 /2<y<! /2
cos’x=y if andonly if cosy=x and O<y< !
tanx=y if and only if tany=x and B /2<y< ! /2

Example 6: Findtan™(1).
Solution: Thisasks what angle gives atangent value of 1?
1/4



Problems

1) Findthefollowing:

a) sin!1£
2

b) sin0

V2

c) sin''-—=—
) 2

!1\/§

d) sinn-—
) 2

e sin'

f) sin

H
SR QR0

|G R

3

m) tan''—
3
n) tan''1l

0) tan''0

p) tan''(! 1)

o) tan’(!3)
V3

r) tan‘l(— —

)



g) Trigononetric Identities

In working with trigononetric expressions there are times when we want to movefromone
expressionto onetha is easier to work with. For example, we mighthave —— in an equéion
SecX

and we can agree tha cosx isa much smpler way to express this fraction.
Here are some of themost commonidentities youdl be using:

Pythagorean Identities

sin’x+cosx=1

1+tan’x=sec’x

1+cot?x=csc’x

Thelast two from abovecan beremembered usng the sentence Q tan in asecond O

Even and Odd Identities

sn(-x) = -sinx

c0g-X) = COX

Since we can take the negaive sign and write it in front of thesinefundion, we say sinisodd
Since the putting a negative angle into thecosnefundionis no different fromthe postive angle
we say cosneis even.

Angle addition formulas

Please remember thatsin(a+b)! sin(a)+sin(b). Ingead you mus work it outusngthefollowing
formulas:

sin(at+b)=sin(@cogb) + coga)sin(b)

cogatb)=coga)cogb) Bsin(@sin(b)

I
Example 7: Find sin(=+ ).
p (3 4)

Solution: sin(%+!z) = sin(%) cos(%) +Cos(%)sin(%) = £§£#+ lg/é]#:M

| |
2 g2 n 292 n 4

1! sin®x
cos(! x)
1! sin*x _ cos’x _ cos® X
cos(! x) B cos(! X) - cos(X)

Example 8: Simplify

Solution: =cos X



Problems

2) Veify each identity.
a) COSXCSCX =cotx

COS Xsec X
b) SR tanx
cot X

cosr
c) tanr + —— = Secr
1+sinr

cost 1! sint
+ =

- 2sect
1! sint cost

3) Findtheexact value of each expression.

8 s+

(yé 6 n

b) cos(ﬁ + E)
4 6

ot
C) S|n§£+

3;|

d) cosé‘% + ’—#

% 4 n
€) cos(75%)

f) sin(o5)



