Chapter 2 BInverses, Exponentials and Logarithms

A fundionislike amachine For example, you can have the machinetha pantsthingsred. If
you put adoginto this machine, you would get ared dogout of themachine If youthen took
thisred dogand putit into a machinetha puts shoes on, you would end up with ared dog
wearing shoes. Thisidea of more than onemachine istheidea of a composition of two or more
fundions

When we compo< fundions we putan inputinto a fundion then we take the output from tha
fundion and putit into asecondfundion. We notate the compostion of two fundionsas

(9! f)(x) orasg(f(x)). Ineither of these expressions, we putx into f then take theresult and put
that into g.

Example 1: Let f(x)=x’+1 and g(x)=2>*+3x-1. Find g(f(x)).
Solution: g(f(x)) = g(x*+1) =

20+ +3(x°+1)-1 =

2(X*+2x2+1)+3x°+3-1 =

2X*+73%+4

Example 2: Findf(x) and g(x) when (g! f)(x) = (x*-1)"+2.
Solution: Heretheingdefundionisx®1. So, f(x)= x*-1. Then g(x) is everythingthat isleft
over, S0 g(X)= X'+2.

Problems

1) Let f(x)=3x-1, g(x)=x"+1, and h(x):xTﬂ. Evaluate each expression:
8 f(eg('D)
b) (ho f)(17)
€) (g0h0f)(2)
d) (fog)(x)
€) (g0/)(x)
f) (fohog)(x)

2) Let f(x)=|x, g(x)=x-7, and h(X) = x>. Write each of thefollowing fundionsasa
compostion of fundionschosen fromf, g, and h.

a AX)=x"-7
b) B(X)=(! 7)°
c) C(x)=|x-7|-7
d) D(x)=x*



Sometimes, wedl have a fundion tha we want to QundoO For example, with my machine that
pantsthingsred, if | putadogin, | get ared dogout. If | wanted to undotha, 1@ haveto finda
machinetha would take thered pant off and give me back theregular colored dog. This
machineis called theinverse. Thewhole point of theinverse fundionisthat it QindoeOthe
origind fundion.

In mathematical notation, fand g are inverses if and only if f(g(x))=x and g(f(x))=x. Thisis
telling ustha we put an inputinto onefundion then the other and we get the origind inputback
at theend. If thisisthe case, we denote theinverse by f “(x).

Example3: Let f(x)=x*+1 and g(x)=3/x - 1showf and g are inverses

() = g(3+1) =3/ +1) -1 =¥x® =x

f(g(x)) =f(}x-1) = (3/x -1)*+1 = x-1+1 =x

Since we get theorigind inputback after thecomposdtion of thetwo funcions thefundionsare
inverses.

Problems

3) Determinewhether g andf areinverses.

a f(x)=2x+1 g(x)=%x! 1

X—-2

b) f(x)=3 g(x)=5x" +2

o f(x)=x*-27 g(x) =¥x+3



Exponentia fundions
Thefundionf(x)=b" is called an exponentia fundion. Inthis expression, b is a postive congant
andb"1. Theimportant thingistha thevariableisin the exponent.

Example 4: f(x) =2*. Findf(3).
Solution: f(3) =2°=8

Thegraph of an exponential will generally have a Gki-slopelshape as shown in the graphsof
f(x)=2" and g(x)=(1/2)* bdow. Thegraphof 2*isincareasing andit@increasing at an increasing
rate. If, ontheothe hand, the base of theexponentia islessthan 1, thegraphisdecreasing. The
domain of an exponantial fundionisall real numbers. Therange however, isrestricted to the
postive numbers.
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When working with exponentials, we mug remember the following exponent rules:

bmbn :bm+n
b = bm! n
b}’l
(bm)l‘l - bml‘l
b’ =1
b!n = 1
bl’l
. a’ha’
Example5: Simplify. PR
We can combineall thepowers of aand notethat c°=1.
a’b*
b!3

The negaive power ontheb in thedenominator meanswe should moveit to thetop.
a6b4b3 — 6b7



Problems

4) Simplify each expression. Write your answvers without negative exponents. Assume tha
all variables represent non-zero real nunmbers.

3 %waﬁ%ﬁy'ef

b) (!5a%'%)?

2
9 —9x2y
3xy
d) !1(?3!1
Pg
e) (!6a’b*)(3a%'°)?
3X
f) 32X

5) Let f(x)=3%, g(x)=2"%, and h(x)=%f. Find thefollowing:

a (2
b) ¢(3

1
¢ h-=
-2

6) Letf, g,andhbethesame asbefore. Findeach valueof x.

_1
a) f(x)_E
b) g(x) =1

Q) h(x) = 6—14



Logaithms
We started this chapter off by looking at inverse functions With a polynomal fundion, to find

theinverse fundion, you work with the pposteOQopeation. For example, ingead of adding 3,
you subtract 3. Ingead of multiplying by 5, you divideby 5. When we try to find theinverse of
an exponentia fundion, we find tha our algebraic meansaren®working. So, we need anew
fundion. Thelogaithmisdefined to betheinverse of theexponential. So, thelogaithm and
the exponential QindoGeach other.

y=logyx if and only if b’=x

Example 6: Rewrite 4°=16 usng logaithmic form.

Solution: Thebase of thelogand theexponential are the same.

Then theinputof thelogisthe output of the exponential and the output of thelogistheinputof
theexponentia.

l09416=2

Example 7: Rewrite l0g:81=4 usng exponential form.

Thebase of thelog andtheexponential are thesame. We take 3 to the power tha is the output
of thelogand get theinputof thelog.

3'=81

Example 8: Evauate.
a) log,8
Solution: This asks wha power of 2 gives 8. Since 2°=8 theanswer is 3.

1
b logs—
) %s

Solution: What power of 4 gives %?

Sincethe16isin thedenomnaor, we know the answer should be negaive.
-2

C) log1000

Solution: If thebase is | eft off thelog that meansit® the common logarithm which is abase
of 10. Thisisthelogyour calculator iscomputing. So wha power of 10 gives 1000? The
answer is 3.

Problems

7) Write each equdion as logaithmic equéion.
a) 5°=125
b) e =y
¢ a¥'=n



8) Write each equdion as an equivalent exponential equaion.
a) log,(32 =5
b) log,(a)=b
¢) log(1000 =z

9) Evauaead,foref solvefor x.
a) log,(64)

1
b) '0932%1:-

c) log(®)

d) log(1000)
e) log, x=8
f) log,(16) =2

Thelogaithm has thefollowing graph. Note that thedomain of thelogaithm isrestricted to the
postive numbes. You can not put a negative number into a logarithm. Therangeisall rea
numbers.

f{x)=log(x)
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Logaithmic Propeaties

logyb=1 Wha power of b givesb?
log,1=0 Wha power of b gives0?
log,(MN)=log,M+log,N
log, (%):IogoM-logoN
log, (b°)=p  Thelogandtheexponetia undoeach other!
b=P = p Thelog andtheexponential undoeach other!

logy(A")=rlog,(A)



31.2
a’b

Example 9: Write log

-— as separate logaithms.
C
Solution: log&+logk-logd
3logat2loghb-7logc

Example 10: Write 8logr-2logslogt as onelogaithm.
Solution: log®-logg-logt
8

log !
5%t

Example 11: Solveforx. 10%=118

Solution: To get the variable out of the exponent, we use a logarithm.
log10-*=log118

The log and exponential cancel.

x-2=10g118

x=2+0g118

Problems

10) Rewrite each expression as a sum or difference of logaithms.

X
a) Iog(E)
b) log(@®b’c®)

4.,5
C) Iogpf¢
/0 Z fn

2
3x
2

(ab)?

d) log

11) Rewrite each expression as asingle logaithm.
a log,5+3log, x

b) log, x°! 4log, X
c) 3logx® -4logx~ +2logx
d) logx+logy?! logz

12) Solvefor x.
a 10" =30
b) log, x+log,(x! 2) =3
c) log(10x)! log(x+2)=2log3



Thenumbe e andthenatura logaithm
Example 12a): If $100isinvested in abank accounttha pays 8% interest compoundel
annudly, how much will there be after n years?
(b) If themoney is compoundel morthly, how much will there beat theend of the 3" year?

Solution:(a) Attheend of thefirst year before thecompoundng, thereis $100. 8% isadded to
tha. Then at the end of thesecondyear before thecompoundng, thereis $108 8%isadded to
tha.

Time (years) | Formula Dollar amount
0 $100is invested $100

1 100(1+.08) $108

2 [100(1+.08)](1+.08)=100(1.08)° $11664

3 [100(1.08)2](1+.08)=100(1.08)° $12597

n 100(1.08)’

Thistellsisthethere will be 100(1.08)" at the end of the nth year.
Thegenea formulafor smpleinterest is (1+)".

(b) If indead of compoundng onae per year, we compoundmore often, theformula
becomes: A(t) = A,(1+ L) " where Ao denotes the amountinvested, r represents the growth rate,
n

n represents the number of compoundingsand t represents time.

Time (years) | Formula Dollar amount
0 $100is invested $100

1 100(1+.08/12)"* $10830

2 100(1+.08/12)**2 $11729

3 100(1+.08/12)*" $12702

This example suggests tha thelarger thenumber of compoundngs the better thereturn on
investment. From this we mightthink of compourding every day, every minute or every second.
Eventudly we arrive at theidea of coninuouscompoundng. Theidea of coninuous
compoundng also arisesin the natural world with applicationslike popuktionswhere they are
continuousy growing. If welook at the formulafor contnuouscompoundng as the number of
compoundhgsgrows withoutbound theformulabecomes A(t)=A€".

Thenumber e represents the natural exponential number. It is approximately 2.71828. If we
want to work with alogaithm with abase of e, we denote that with In.

logex=Inx

Example 12: Rewrite In(x-5)=2 in exponential form.
Solution: Thebaseis e so it becomes e?=x-5.



Example 13: Rewrite €=5in logaithmic form.

Solution: In5=x

Example 14: EvauaeIn(e®).

Solution: Thelogaithm and the exponential cancel and weQe |eft with 3.

Problems

13)Rewrite in exponential form.
a In(3x-4)=4
b) Inx=7

14)Rewrite in logaithmic form.
a) e*=10
b) e*=5°

15) Simplify.
a In(e’)
b) eIn(4)
C) eln(e“‘“))



