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The auxiliary equation for (17) is m®> + 8m + 16 = n + 432 = 0.s0m, = m, = — 4.
Hence the system is critically damped, and

x(1) = cie™ 4+ core 7V (18)

Applying the initial conditions x(0) = 0 and x'(0) = —3, we find. in turn, that

¢, = 0 and ¢; = —3. Thus the equation of motion is

x{r) = ~3te™H, (19)
To graph x(1), we proceed as in Example 3. From x'(1) = =3e ¥(1 — 41) we
see that x'(r) =0 when = 4’ The corresponding extreme displacement is
\(l) = —3(&)5*' = —0.276 ft. As shown in Figure 5.10. we interpret this value
to mean that the mass reaches a maximum height of 0.276 foot above the
equilibrium position. i |

I EXAMPLE S  Underdamped Motion

A mass weighing 16 pounds is attached to a 5-foot-long spring. At equilibrium the
spring measures 8.2 feet. If the mass is initially released from rest at a point 2 feet
above the equilibrium position, find the displacements x(¢} if it is further known that
the surrounding medium offers a resistance numerically equal to the instantaneous
velocity.

SOLUTION The elongation of the spring after the mass is attached is
8.2 — 5 =321t so it follows from Hooke’s law that 16 = k(3.2) or k = 5 Ib/ft.
In addition, m = L—g = ; slug, so the differential equation is given by

1 d°x s dx d*x N 2d,\‘ ‘10 0 20)
= =-S5~ — o — — c = 0.
2 dr? di arr " Tdr
Proceeding, we find that the roots of m? + 2m + 10 =0 are m; = —1 + 3i and
m, = —1 — 3i, which then implies that the system is underdamped and
x(1) = e '(c,cos 3t + ¢, sin 3r). 2n
Finally, the initial conditions x(0) = —2 and x’(0) = O yield ¢, = —2 and ¢, = —%
so the equation of motion is
2.
x(r) = e '| —2cos 3t — gsm 31 . (22) i |

ALTERNATIVE FORM OF x(f) In a manner identical to the procedure used on
page 197, we can write any solution

x(n)y = e"\’(c, cosVaw? — A1 + ¢, sin Va? - fz)
in the alternative form
X0 = Ae M sinNo® = X1 + o), (23)
where A = V¢ + 3 and the phase angle & is determined from the equations

. C Cs ¢
sing = —, cos¢=— tan = —.
¢ A ¢ A ¢ )
The coefficient Ae™ " is sometimes called the damped amplitude of vibrations.
Because (23) is not a periodic function, the number 277/\‘F— A is called the

. . f . . . . .
quasi period and Vo? — A?/27 is the quasi frequency. The quasi period is the
time interval between two successive maxima of x(r). You should verify, for the
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FIGURE 5.11 Oscillatory vertical
motion of the support

equation of motion in Example 5, that A = 2\10/3 and ¢ = 4.391. Therefore an
equivalent form of (22) is

2710

x(t) = e~ "'sin(3t + 4.391).

5.1.3 SPRING/MASS SYSTEMS: DRIVEN MOTION

DE oF DRIVEN MOTION WITH DAMPING Suppose we now take into
consideration an external force f(f) acting on a vibrating mass on a spring. For
example, f(f) could represent a driving force causing an oscillatory vertical
motion of the support of the spring. See Figure 5.11. The inclusion of f() in the
formulation of Newton's second law gives the differential equation of driven or
forced motion:

d?x dx
= —kx — B— + . 24
P v — B 7 F@ (24)
Dividing (24) by m gives
d x dx .
S+ 20— + wx = F(1), (25)
de- dt

where F(t) = f(t)/m and, as in the preceding section, 2A = B/m, w? = k/m. To solve
the latter nonhomogeneous equation, we can use either the method of undetermined
coefficients or variation of parameters.

I EXAMPLE 6  Interpretation of an Initial-Value Problem

Interpret and solve the initial-value problem

Ldox o s 4 X0 =+ O =0 (26)
—_ —_— - = 0 ) — - ) e X 2
S dr dr | r TR > X0

SOLUTION We can interpret the problem to represent a vibrational system con-
sisting of a mass (m = l slug or kilogram) attached to a spring (k = 2 Ib/ft or N/m).
The mass is initially released from rest -l unit (foot or meter) below the equilibrium
position. The motion is damped (8 = 1.2) and is being driven by an external peri-
odic (T = m/2 s) force beginning at + = 0. Intuitively, we would expect that even
with damping the system would remain in motion until such time as the forcing
function was “turned off,” in which case the amplitudes would diminish. However,
as the problem 1s given, f(¢) = 5 cos 4t will remain “on’ forever.
We first multiply the difterential equation in (26) by 5 and solve

dx?
dr’ dt

by the usual methods. Because m, = =3 + 4, my = ~3 — |, it follows that
x (1) = e (¢, cos t + ¢, sin t). Using the method of undetermined coefficients,
we assume a particular solution of the form x,(r) = A cos 4t + B sin 4+. Differ-
entiating x,(t) and substituting into the DE gives

”+6>c + 10x, = (=64 + 24B) cos 41 + (— 24A~6B)%1n4!—25€0541
The resulting system of equations

—6A +24B =125, —24A — 6B =0
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yields A = — and B = . It follows that
_ . 25 50 .
x() = e ¥c cost+ crsint) — 03 % 41 + 5y Sin 41, 27

3
=]

. By differentiating
—g-?. Therefore the

When we set + = 0 in the above equation, we obtain ¢, =
the expression and then setting r = 0, we also find that ¢,
equation of motion is

IEF

38 86 25 50
x(f) = e“”(s—— cost — = sin z) ~ o3 ¢ 4t + 51 sindr. (28) _1

TRANSIENT AND STEADY-STATE TERMS When F is a periodic function,
such as F(t) = Fy sin yt or F(f) = F, cos vyt. the general solution of (25) for A > 0
is the sum of a nonperiodic function x(7) and a periodic function x,(f). Moreover,
x.(1) dies off as time increases—that is, lim,_,. x.(r) = 0. Thus for large values of
time. the displacements of the mass are closely approximated by the particular
solution x,(). The complementary function x(z) is said to be a transient term or
transient solution, and the function x,(r), the part of the solution that remains
after an interval of time, is called a steady-state term or steady-state solution.
Note therefore that the effect of the initial conditions on a spring/mass system
driven by F is transient. In the particular solution (28), ¢ ¥ (% cost — %%sin t) is a
transient term and x (1) = 71'2(?2 cos 4t + %? sin 41 is a steady-state term. The graphs
of these two terms and the solution (28) are given in Figures 5.12(a) and 5.12(b),
respectively.

l EXAMPLE 7  Transient/Steady-State Solutions

The solution of the initial-value problem

dx =y 1+ 2sing, x(0) =0, x'(0) =
x =4co 2s =0, «x =Xy
P 7 Y cos sinf, x x'( X

where x; is constant, is given by

x(1) = (x;, —2)e 'sint+ 2sint.
\ﬁ(—/ \“‘Y‘J
fransient stead}—stule
Solution curves for selected values of the initial velocity x, are shown in Figure 5.13.
The graphs show that the influence of the transient term is negligible for about
1> 37/2. -

DE oF DRIVEN MOTION WITHOUT DAMPING With a periodic impressed
force and no damping force. there is no transient term in the solution of a problem.
Also, we shall see that a periodic impressed force with a frequency near or the same
as the frequency of free undamped vibrations can cause a severe problem in any
oscillatory mechanical system.

I EXAMPLE 8  Undamped Forced Motion

Solve the initial-value problem
d*x
dr?

+ w’x = Fysin yt, x(0) =0, x'(0) =0, (29)

where F is a constant and y # w.
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FIGURE 5.14 Pureresonance

SOLUTION The complementary function is x(f) = ¢, cos wt + ¢, sin wt. To obtain
a particular solution we assume x,(t) = A cos y7 + B sin yr so that

x4 o, = Alw® — y?)cos yi + B(w® = y*)sin yr = Fysin yr.

Equating coefficients immediately gives A = 0 and B = F,/(w> — y?). Therefore
FO .
xp(r) = ———5 syt
w- =Yy

Applying the given initial conditions to the general solution

F
x(t) = ¢, cos wt + ¢, sin wt + —7_0—7$in i
w” — Yy
yields ¢, = 0 and ¢, = — yFy/w(w® — ¥?). Thus the solution is
Fy . .
x(t) = —————(—vysinw! + wsin y1), ¥y ¥ w. 3oy 1
w(w™ = y9)

PURE RESONANCE Although equation (30) is not defined for y= w, it is
interesting to observe that its limiting value as 7y — w can be obtained by applying
L'Hopital’s Rule. This limiting process is analogous to “tuning in” the frequency of
the driving force (y/27) to the frequency of free vibrations (w/2r). Intuitively, we
expect that over a length of time we should be able to substantially increase the
amplitudes of vibration. For v = w we define the solution to be

d X .
— (—ysin wt + wsin yt)

—ysin wt + wsin yt d
() = limFy— LT O = pim
y—w w(w” — ) Y 3 ,
——(w’ — wy’)
dy
. TSm wr + wtcos yt
= F, lim (31)
Y= —2wy

—sin wt + wtcos wt

0
_zwz

Fo

. Fy
= sin wt — — 1 COSs wt.
2w* 2w

As suspected, when t— o« the displacements become large; in fact, |x(z,)| —
when t, = nmw/w, n =1, 2, ... . The phenomenon we have just described is
known as pure resonance. The graph given in Figure 5.14 shows typical motion in
this case.

In conclusion it should be noted that there is no actual need to use a limiting
process on (30) to obtain the solution for y = w. Alternatively, equation (31)
follows by solving the initial-value problem

d*x
dr?

+ w’x = Fysin wt, X(0) =0, x'(0)=0

directly by conventional methods.

If the displacements of a spring/mass system were actually described by a
function such as (31), the system would necessarily fail. Large oscillations of the
mass would eventually force the spring beyond its elastic limit. One might argue
too that the resonating model presented in Figure 5.14 is completely unrealistic
because it ignores the retarding effects of ever-present damping forces. Although it
is true that pure resonance cannot occur when the smallest amount of damping is
taken into consideration, large and equally destructive amplitudes of vibration
(although bounded as t — <) can occur. See Problem 43 in Exercises 5.1.




