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THE SIZES OF THE PIONEERING, LOWEST CROSSING AND
PIVOTAL SITES IN CRITICAL PERCOLATION ON
THE TRIANGULAR LATTICE

BY G. J. MORROW AND Y. ZHANG
University of Colorado

Let L,, denote the lowest crossing of a square 2n x 2n box for critical site
percolation on the triangular lattice imbedded in 72 . Denote also by F; the
pioneering sites extending below this crossing, and Q,, the pivotal sites on
this crossing. Combining the recent results of Smirnov and Werner [Math.
Res. Lett. 8 (2001) 729-744] on asymptotic probabilities of multiple arm
paths in both the plane and half-plane, Kesten’s [Comm. Math. Phys. 109
(1987) 109-156] method for showing that certain restricted multiple arm
paths are probabilistically equivalent to unrestricted ones, and our own
second and higher moment upper bounds, we obtain the following results.
For each positive integer t, as n — o0o:

1. E(anl‘[) — n4‘[/3+0(1).

2. E(|Fy|%) = n7r/4+0(1)‘

3. E(l Qn |‘[) — n3‘[/4+()(l).

These results extend to higher moments a discrete analogue of the recent
results of Lawler, Schramm and Werner [Math. Res. Lett. 8 (2001) 401-411]
that the frontier, pioneering points and cut points of planar Brownian motion
have Hausdorff dimensions, respectively, 4/3, 7/4 and 3/4.

1. Introduction. Consider site percolation on the triangular lattice. Each
vertex of the lattice is open with probability p and closed with probability
1 — p and the sites are occupied independently of each other. We will realize the
triangular lattice with vertex set Z2. For a given (x, y) € Z?, its nearest neighbors
are defined as (x +1,y), (x,yx1), x+1,y—1) and (x — 1,y 4+ 1). Bonds
between neighboring or adjacent sites therefore correspond to vertical or horizontal
displacements of one unit, or diagonal displacements between two nearest vertices
along a line making an angle of 135° with the positive x-axis.

Recall that the triangular lattice may also be viewed with sites as hexagons in a
regular hexagonal tiling of the plane. This point of view is convenient to describe
the fact that when p = 1/2 (critical percolation) and the hexagonal mesh tends
to zero, the percolation cluster interface has a conformally invariant scaling limit,
namely, the stochastic Loewner evolution process SLE¢ [11]. Smirnov and Werner
[12] combine the convergence of the cluster interface with recent results on the
probabilities of crossings of annular and semi-annular regions by SLEg calculated
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by Lawler, Schramm and Werner [6, 7, 9] to obtain corresponding probabilities for
the critical site percolation on the triangular lattice.

We will use the Smirnov and Werner [12] estimates in the case of three-arm,
two-arm and four-arm paths to establish results, respectively, on the length of the
lowest crossing, the size of the pioneering sites extending below this crossing and
the number of pivotal sites on this crossing of a square box with sides parallel
to the coordinate axes in Z>. Here and throughout the paper we will be working
with the critical percolation model. To illustrate how our work fits in with known
results for planar Brownian motion, we describe various geometric features of the
Brownian paths as follows. Define the hull K, at time ¢ of a planar Brownian
motion B;, s > 0, as the union of the Brownian path §[0, ] := {8;,0 < s < ¢t}
with the bounded components of its complement R\ 8[0, ¢]. The frontier or outer
boundary of B[0, ¢] is defined as the boundary of K;. By contrast, a pioneer point
of the Brownian path is defined as any point B at some time s < ¢ such that S is in
the boundary of K, that is, such that 8 is on the frontier of 8[0, s]. A point S for
some 0 < s <t is called a cut point of B[O, ¢] if B[0,s] N B(s,t] = &. Lawler,
Schramm and Werner [8] have shown that the frontier, pioneer points and cut
points of a planar Brownian motion have Hausdorff dimensions, respectively, 4/3,
7/4 and 3/4. We answer an open question ([12], question 2) to find an analogue
of this result in the case of critical percolation on the triangular lattice. Indeed,
we asymptotically evaluate all moments of the sizes of the corresponding lowest
crossing, pioneering sites and pivotal sites that we define below.

It turns out that our method requires a more careful analysis in the four-arm
case than in the two and three-arm cases. As pointed out in [12], the probability
estimates of annular crossings of multiple-arm paths [see (2.3) below] lead
naturally to a prediction of our first moment results. Only in the pivotal (four-arm)
case do we need to apply the estimate of Smirnov and Werner [12] for probabilities
of multiple-arm crossings of semi-annular regions, in addition to the basic annular
estimates to actually establish the prediction. In all cases, however, the methods
of Kesten [4] are essential to construct the probability estimates for our moment
calculations. This calculation handles, in particular, the probability of four-arm
paths near the boundary of the box used to define the pivotal sites.

Denote by T the full triangular lattice graph whose vertex set is Z> and
whose edges are the nearest neighbor bonds. Define ||x|| := max{|x|, |y|} for
x=(x,y) € Z2. For any real number r > 0, we denote the square box of vertices
B(r) :={xeZ*: x| <r}. A path is a sequence of distinct vertices connected
by nearest neighbor bonds. Thus, a path is simple. Following Grimmett [2], the
boundary or surface of a set X of vertices is the set dX of vertices in X that are
adjacent to some vertex not in X. A path is open (closed) from a set X to a set Y if
each vertex of the path is open (closed) and contained in Z? \ (X U Y) except for
the endpoints in X and dY which may or may not be open (closed). The interior
of X is defined by int(X) = X \ 9X. A set X of vertices is connected if the graph
induced by X is connected as a subgraph of T. Let R be a connected set of vertices
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lying within a finite union of rectangles with sides parallel to the coordinate axes.
We say that a path is “in R” if its vertices remain in R except possibly for its
endpoints. If, in addition, R is a single such rectangle, a horizontal open (closed)
crossing of R is an open (closed) path in R from the left side of R to the right side
of R. A vertical crossing is defined similarly.

Let n be a positive integer. For each x € B(n), we define the event

L(x, n) := there exists a horizontal open crossing of B(n)
(1.1) containing the vertex X, and there exists a
closed path in B(n) from x to the bottom of B(n).

The lowest crossing for any given configuration of vertices for which a horizontal
open crossing of B(n) exists is known (see [2]) to be the unique horizontal open
crossing y, of B(n) that lies in the region on or beneath any other horizontal
open crossing. In fact, on any given configuration we may also represent the set of
vertices in y;, as equal to the set L, := {x:L(X, n) occurs}. Although this fact is
well known, we briefly review its proof. First, any vertex x of y, admits a closed
path to the bottom of B(n) [so that JL(x, n) occurs], else one could construct a
crossing strictly lower than y,,. Therefore, y,, C L,. On the other hand, to show
L, C y,, assume the event £ (X, n). The open path in this event lies above y;,, so
the closed path in this event has to cross y;,, unless x € y,,. Thus, the set of vertices
of y, is precisely L,.

We introduce next the pioneering sites extending below the lowest crossing of a
configuration in B(n). Define the event

F (x,n) :=xis open and there exist two open paths in B(n)
started from X, one to the left side and one to the
right side of B(n), and there exists a closed path
in B(n) from x to the bottom of B(n).

(1.2)

Note that (1.1) implies (1.2). The difference is that in (1.2) the two open paths
need not be disjoint, whereas in (1.1) the horizontal crossing through x breaks up
into two disjoint open paths. We define the set of pioneering sites as the set F, :=
{x: F(x, n) occurs}. Geometrically, F;, consists of the union of the lowest crossing
with the many complicated orbs and tendrils hanging from it; the vertices of these
latter sets do not admit two disjoint paths to the sides of B(n). Alternatively, F;, is
the set of open sites discovered through the exploration process that starts at the
lower left corner of B(n) and runs until it meets the right side, that determines the
interface between the lowest spanning open cluster in B(n) and the closed cluster
attaching to its bottom side. This description of F;, explains its correspondence to
the trace of SLEg.



MOMENTS OF THE NUMBER OF PIVOTAL SITES 1835

Finally, we define the pivotal sites lying along the lowest crossing. Define the
event

@(x, n) := there exists a horizontal open crossing of B(n)
containing the vertex x, and there exist two
disjoint closed paths in B(n) started from x, one
to the top side and one to the bottom side of B(n).

(1.3)

We define the set of pivotal sites as the set Q, := {x:@(x, n) occurs}. The
two closed “arms” emanating from a pivotal (and therefore open) site x force
any horizontal open crossing of B(n) to pass through x. Let G, be the open
cluster containing the lowest crossing whenever such a horizontal open crossing
exists. That a pivotal site exists implies that this cluster also contains the highest
horizontal open crossing and that the site belongs to both the highest and lowest
crossing.

We can now state our main result. Here and throughout P and E denote,
respectively, the probability and expectation for the critical percolation.

THEOREM 1. For each positive integer T, as n — o0:

1. E(|Ln|f)=l’l4f/3+0(1).
2. E(|Fy|%) =nTt/4to),
3. E(|O.]P) :n3r/4+0(1).

Note that probability upper bounds follow immediately by Markov’s inequality
from the rth moment upper bounds in Theorem 1. On the other hand, a bound
on the distribution of small values of |L,| is obtained in [5]. Let £ denote the
event that there is a horizontal open crossing of B(n). These authors show that
there exist constants «, ¢ > 0 and C < oo such that P(|L,| <n't¢|L£) <Cin™¢
([5], Theorem 2). We conjecture that this result continues to hold for the triangular
lattice case if the exponent 1 + ¢ is replaced by 4/3 — § for any § > 0, where now
o > 0 may depend on 4.

A one arm version of Theorem 1 is obtained by Kesten [3]. He shows that
there exists a limiting measure p on configuration space, conditioned by the
event that the origin is connected to d B(n) as n — oo such that, with respect
to u, there is a unique open cluster W connected to the origin with probability 1
([3], Theorem 3). He then proves E,(|W N B(n)|") < (nm,)", where 7, =
P[0 is connected by an open path to (n, c0) x R] ([3], Theorem 8). We do not
study here the number of sites in B(n) from which a five-arm path to the d B(n)
exists. By the results of Smirnov and Werner [12] [see (2.3)], the expected number
of such sites is predicted to be n®(.

Results analogous to the above-mentioned Hausdorff dimension properties of
certain planar Brownian motion point sets but now for the stochastic Loewner
evolution process SLEg itself have been obtained as follows: the dimension of the
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SLEg curve (or trace) is 7/4 [1]; the dimension of the (outer) frontier of SLEg is
4/3 [7], and the dimension of the set of cut points of SLEg is 3/4 [6]; see Remark 5
of [12]. Perhaps for both the Brownian and SLE processes one can obtain moment
estimates on the number of disks of radius € > 0 needed to cover a given one of
the above point sets similar to the moment estimates presented here. Some results
for the expected number of such disks have been obtained by Rhode and Schramm
[10] concerning both the SLE,, curve and hull with « in a range of values including
the case k¥ = 6 that corresponds to the critical percolation of this paper.

Finally we mention that items 1 and 2 of Theorem 1 may be proved by
the same method that Kesten [3] uses to establish the one-arm case mentioned
above. However, that method does not extend to the four-arm case since then the
exponent in expression (2.3) becomes less than —1; see Section 3.1 for further
details. We emphasize that the difficulty in this paper lies in the case of higher
moments (T > 2) for pivotal sites wherein we study the organization of 7 vertices
in the box B(n) at which four-arm events occur. We develop a disjoint boxes
method (Section 4) that yields a proof of items 1 and 2 and that also lays a
groundwork for the proof of item 3 of Theorem 1. Our organization of the disjoint
boxes leads to two developments. First, it allows for the construction of certain
horseshoe estimates governed by Lemma 5 that are critical in establishing the
correct asymptotic order for even the first moment in the pivotal case. We carry out
these constructions in Sections 5 and 6. Second, it allows for the analysis of groups
of vertices that are closely clustered together in the analysis of second and higher
moments by a separate method based on Lemmas 7 and 8 shown in Section 7.
These lemmas are extensions of Kesten’s [4] Lemmas 4 and 5. This latter work
indeed forms the technological foundations for much of the current paper.

2. Lower bounds. In this section we establish lower bounds for each of the
moment estimates of Theorem 1. To do this, we begin by writing down the known
asymptotic probabilities of multiple-arm paths from [12]. Next Kesten’s method is
applied to obtain lower bounds for the probabilities of certain restricted multiple-
arm path events. The expectation lower bounds then follow easily.

Note that £(x, n) is a certain sub-event of a so-called three-arm path that we
now introduce. Define B(x, m) :=x + B(m). Assume that B(x, m) belongs to the
interior of B(n). Denote

(2.1) A(x,m;n) = B(n) \ int(B(x, m)).
The event of a three-arm path from B(x, m) to d B(n) is defined by

Us(x, m; n) := there exist two disjoint open paths in
A(x, m; n) from 0 B(x, m) to 0 B(n),
and there exists a closed path in
Ax,m; n) from dB(x, m) to 0B(n).

We denote U3z (x,n) := U3(x,0;n). We shall use the following estimate
from [12].

(2.2)
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LEMMA 1. For each fixed m > 0, P(U3(0, m; n)) =n=23t°W g5 n — oo.

PROOF. The proof follows by a direct translation of Theorem 4 of [12] as
follows. Consider the event that there exist « disjoint crossings of the annulus
A(rg,r) :={z € C:rg < |z] < 1}, not all closed nor all open, for the hexagonal
tiling of fixed mesh 1 in C. Let #, (rg, r) denote generically any of the sub-events
defined by a specific ordering of closed and open crossings among the « disjoint
crossings. Then for each « > 2,

23) P(H(ro, r)) = r~ ¢ =D1240) gy o0,

Choose now two open and one closed crossings in the definition of #3(rg, r).
Then Lemma 1 follows by applying (2.3) for x = 3 and noting, on account of
the mild change in geometry between the hexagonal and present models for the
triangular lattice, that the event U3 (0, m; n) satisfies F3(m/2,n) C U3 (0, m; n) C
H3(2m,n/2). U

Similar to (2.2), we define the events of two-arm and four-arm paths from
B(x,m) to dB(n) by
U (x, m; n) := there exist two paths in A(x, m; n)
2.4) from d B(x, m) to d B(n),
one of them being open and the other closed

and

U4 (x, m; n) := there exist two disjoint open paths in
A(x, m; n) from 0 B(x, m) to d B(n),
and there exist two disjoint closed paths in
A(x, m; n) from 0 B(x, m) to d B(n).

(2.5)

We also denote U, (x,n) := U, (X, 0;n), «k =2,4. As in the proof of Lemma 1,
except now with k =2 and x =4, respectively in (2.3), we obtain the following.

LEMMA 2. For fixed m > 0, P(U(0,m;n)) = n~ /40 gng
P(U4(0, m; n)) =n=>/4°D g5 — 0.

We now make precise the notion of restricted multiple-arm paths. Let = be the
probability of a given k-arm path from a given vertex inside B(n/4) to d B(n). We
restrict the k-arm path by specifying disjoint intervals of length proportional to n
and separated by intervals also proportional to n on the d B(n) for the hitting sets
of the various arms. Kesten [4] shows that there is only a multiplicative constant
cost in the probability 7 of this restricted event. In fact, Kesten shows a little more
that we will describe explicitly for the Lemmas 3 and 4. To begin, define certain
rectangles that sit on the four sides of B(n), counting counterclockwise from
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the left side of B(n), by Ry :=[—n, —n/2] x [-n/2,n/2], Ry :=[—n/2,n/2] x
[—n, —n/2], Rz :=[n/2,n] x [—n/2,n/2] and R4 :=[—n/2,n/2] x [n/2,n]. Let
R be a rectangle with sides parallel to the coordinate axes and sharing one side
with the boundary of a box B. We say that a path A-tunnels through R on its
way to d B if the intersection of the path with the smallest infinite vertical strip
containing R remains in R. Thus, the path may weave in and out of R but not
through the top or bottom sides of R, and comes finally to d B. Likewise, we say
that a path v-tunnels through R on its way to dB if the roles of horizontal and
vertical are interchanged in the preceding definition. This definition is consistent
with the requirements of Kesten’s [4] Lemma 4. Accordingly, for each x € B(n/4),
we define a certain restricted three-arm path event by

T3(x, n) := two disjoint open paths in B(n) started from x,
one to the left side of B(n) that h-tunnels through
R1, and one to the right side of B(n) that h-tunnels
(2.6) through R3, and there is a closed path in B(n) from x
to the bottom of B(n) that v-tunnels throughR5.
Further, there are vertical open crossings of each of R
and Rz, and there is a horizontal closed crossing of R;.

By the proof of Kesten’s [4] Lemma 4, we obtain the following.

LEMMA 3. There exists a constant C3 such that uniformly for all x € B(n/4),
P(U3s(x,n)) < C3P(T3(x, n)).

Note by Lemma 3 that, for x € B(n/4), the probabilities of L(x,n),
U3(x, n) and T3(x, n) are all comparable.

We next define certain restricted two-arm and four-arm path events. In the two-
arm case we introduce rectangles that cut off the top and bottom sides of B(n) by
Sy :=[—n,n] x [—n, —n/2]) and S4 :=[—n, n] x [n/2, n]. In the four-arm case we
have the similar picture as the three-arm case, except now there is one more closed
arm that v-tunnels through R4 on the way to the top of B(n). We thus define for
any x € B(n/4),

J2(x, n) := there exists an open path in B(n) from x
to the top of B(n) that v-tunnels through S4,
and a closed path in B(n) from x to the
bottom of B(n) that v-tunnels through $,.
Further, there exists a horizontal open crossing
of S4 and a horizontal closed crossing of S,

2.7)
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and

T4(x, n) := Atwo disjoint open paths in B(n) started from x,

one to the left side of B(n) that h-tunnels through
R1, and one to the right side of B(n) that h-tunnels
through R3, and Jtwo disjoint closed paths in B(n)

(2.8) from x, one to the bottom of B(n) that v-tunnels
through R» and one to the top of B(n) that v-tunnels
through R4. Further, there are vertical open crossings
of each of Ry and R3, and there are
horizontal closed crossings of each of R, and Ry.

Again, by the proof of Kesten [4], we have the following.

LEMMA 4. There are constants Cy and C4 such that uniformly for X €
B(n/4), P(Uc(x,n)) < Cc P(Tc(X,n)), k =2, 4.

2.1. Proof of lower bounds. 'We now obtain expectation lower bounds for the
sizes of the lowest crossing, pioneering sites and pivotal sites. By definition, we
have |Ll’l| = ZXEB(I’I) ]]~£(X,n) Thus,

(2.9) E|L,|= Y P(Lx,n)> Y P(Lx,n)).
xeB(n) xeB(n/4)

By Lemmas 1 and 3 and the inclusion {xisopen} N T3(x,n) C L(x,n), we
have 2P (£(x, n)) = (1/C3) P(Us(x. n)) = (1/C3) P(U3(0, 5n/4)) = n~2/3+0(D),
uniformly for x € B(n/4). Therefore, summing on x € B(n/4) in (2.9), we obtain

(2.10) E|Ly| > (n/4)*n~2/3+0() = y4/3+o()),

In exactly the same way, but using now Lemmas 2 and 4 and the inclusions
{x is open} N > (x,n) C F(x,n) and {x is open} N T1(x, n) C Q(x, n), we have

(2.11) E|F,| > (n/4)2n—1/4+0(1) — p/4+o(D)
and
(2.12) E|Qn| > (n/4)2n=3/4+0() — ;3/4+o(D),

Note finally that the Tth moment lower bounds in Theorem 1 follow immediately
from (2.10)—(2.12) and Jensen’s inequality for all 7 > 1.

3. Lowest crossing and pioneering sites. In this section we carefully study
an upper bound for the first and second moments of |L,| and | F,|. We do this to
establish a dyadic summation construction alternative to Kesten’s [3] method that
we will later incorporate in our analysis of the pivotal case in Sections 5 and 6.
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We introduce the following concentric square annuli of vertices in B(n). Let
Jo = jo(n) be the smallest integer j such that 27/n < 1. Define

Ao :=B(n/2),
Aj=B((1=27UMn)\B((1 —27/)n), 1 <j < Jo,
3.1) Jo—1
Ajy=Bm\ U A;=0B(m).
j=0

The annuli A; become thinner as they approach the boundary of B(n) such that,
for j < jo, the distance from a point x € A; to d B(n) is comparable with 27/n
and also comparable with the width of A ;. Since A j, = d B(n), we will use instead
the property, valid for all j < jo, that if x € A; and ||y — x| < 2-U+Dy, then
y € B(n). Notice that the annuli A; are natural for an approach based on disjoint
boxes by the following reasoning. For any vertex x € B(n), we will construct a
box B(X, r) centered at X that is roughly as large as it can be yet stays inside B(n).
The collection of vertices x that give rise to boxes B(x, r) with radii r < 2 /n
correspond to the annuli A;. Therefore, roughly speaking, the sizes of largest
disjoint boxes may be organized by arranging the centers of the boxes in these
annuli.

If the sizes of the sets A; were defined by areas of the regions between
concentric squares rather than by cardinalities of subsets of vertices of B(n),
we would obtain an upper bound for the sizes of these sets immediately by
using the fact that (2n)%(1 —2=U+D)2 — 2n)2(1 — 27/)? <27/+242. An error
in approximating |A;| by the area between concentric squares may come about
due to inclusion or exclusion of a ring of vertices. However, if j < jo, then the
thickness of a given annulus is 2~U+Dpn > 1/2 so the area estimate may only be
an under-estimate by a factor of at most 4. Therefore, since the boundary of B(n)
has cardinality 8n — 4, we have, for all 0 < j < jy, that

(3.2) |A;] <2742,

3.1. Expectation upper bound. We write the expectation of the size of the
lowest crossing as

(3.3) E|L,|= )_ P(L(x,n)):i > P(Lx,n)).
xeB(n) Jj=0x€A;

We note that by (2.2), forx € A,

(3.4) P(£L(x,n)) < P(U3(0,27YFDn)).

Let ¢ > 0. By Lemma 1, there exists a constant C, such that

(3.5) P(U3(0,7)) < Cer™23T¢ forallr > 1.
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Here and in the sequel we allow C, to be a constant depending on ¢ that may vary
from appearance to appearance. Thus, by (3.2)—(3.5), we obtain

Jo o0
(3.6)  ElLyl<C. Y 14127V D)2 < cpPte 30703,
j=0 j=0

Since the geometric series in (3.6) converges, we obtain by (3.6) that
(3.7) E|L,| <n*3 oM,

By the same argument, we construct an upper bound for E | F},|. Indeed, let ¢ > 0.
By Lemma 2, there exists a constant C, such that

(3.8) P(U2(0,7)) < Cor™ V4 forallr > 1.

Therefore, just as in (3.3) and (3.6) but using now (3.8) in place of (3.5), we find
E|F,| < n’/*t°)_The proof of the upper bounds for 7 = 1 of items 1 and 2 of
Theorem 1 is thus complete.

We comment that the exponent (—1/4 + ¢) that takes the place of (—2/3 + ¢)
in the upper bound for E|F;,| does not affect the convergence of the geometric
sum because the exponents in (3.5) and (3.8) are greater than —1. Note, however,
that a four arm calculation similar to that shown above would require the use
of an exponent (—5/4 + ¢) so that the corresponding geometric sum would not
converge. It is precisely for this reason that we must establish an alternative to
Kesten’s [3] method of proof to obtain our Theorem 1 for the pivotal case. The
approach we have shown above for the first moment upper bound may be extended,
in fact, to all moments, though we will not show the general case due to the fact
mentioned earlier that Kesten’s method may be applied successfully to obtain a
general Tth moment bound in the one, two- and three-arm cases. We only show in
addition below a second moment upper bound for the lowest crossing because it
demonstrates the way we extend our dyadic summation method to higher moments
in all cases, including the pivotal one.

3.2. Second moment upper bound. We show an estimation of the second
moment of |L,|. Write

(3.9) E(L,)= Y Y P(L&x.n)NLy,n).

xeB(n) yeB(n)

Recall the definition of jo = jo(n) and A; in (3.1). Consider first the “diagonal”
contribution to (3.9) defined by

Jjo
(3.10) Ii=) %" Y. P(Lx.n)NLy.n).

J=0x€A; yeB(x,2~(*+Dp)
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Fix j < jo and x € A and work on the inner sum in (3.10). For this purpose, we
introduce a net of concentric square annuli @, = a,,(x) whose union is the box
B(x,2~U1tDp) as follows:

am(X) == B(x,27"n)\ B(x,2""*"n),  j42<m<jo—1,
(3.11) ,

aj,(x) := B(x,27°n).
Notice that a j, may consist of only the single point x. By this decomposition, we
have that Zir?:j—&-Z > yea, P(L(X,n)NL(y,n)) is equal to the inner sum in (3.10).
By (3.11), the size of a,, is easily estimated by
(3.12) lam| <272 202 all j+2<m < jo.

Furthermore, forx € A and y € a,,, with j +2 <m < jo, by halving the distance
between x and y, we have that

(3.13) B(x,27 ™ 2p) N B(y, 27" n) = 2.

Also, for y € a,, with m > j + 2, since |ly — x|| <2~U*+2p and 2=y 4
2=U+2y < 27U+Dy, we have that both B(x, 2~ "*+2n) and B(y, 2~ "*+2n) are
subsets of B(n). Therefore, since L£(x,n) N L(y, n) implies that for each of the
boxes in (3.13) there exists a three-arm path from the center of the box to its
boundary, we have by (3.13), independence and (3.5) that, for all y € a,, with
m < jo,

3.14) P(Lx ) N Ly, m) < Co@"n) 432,

Also, trivially, (3.14) continues to hold with m = jy, since then 27" n > 1/2. Thus,
by (3.14), we have

Jo o]
> P(Lx.n) N Ly, n) <Ce Y 2722 p) 433
(3]5) m=jY€am m=j

< Cn2/3+26072i13

Therefore, by (3.10), (3.15) and (3.2), we have

e} e ¢}
(316) I S C8n2/3+28 Z |Aj|2—2]/3 S C€n8/3+28 22—5]/3 S C8n8/3+28.
j=0 j=0

We next consider the off-diagonal part of the sum (3.9) defined by

Jo Jo
G H:=)" 3" 3" 3 Xypxeyl>2-i-2m) P (LX) N L(y, n)).

Jj=0x€A; k=0yeA;

Here x4 denotes the indicator function of the given set of vertices A. In the
sum /1, for all eligible vertices x € A; and y € Ay with k > j, we have that the
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boxes B(x,27/73n) and B(y,27%3n) are disjoint and lie inside B(n), while if
k < j, the same holds true by (3.1) when we replace these boxes, respectively, by
B(x,27773n) and B(y, 27k=31). Therefore, by (3.5), (3.17) and (3.2) we have
Jo Jo .
1< Co Y |Aj1 Y Al @ In) 234 kp) =23+

j=0 k=0
(3.18)

2
Jjo
:C8<Z|Aj|(2_Jn)_2/3+8> SC8n8/3+28.

j=0
Therefore, by definitions (3.9), (3.10) and (3.17), and by collecting the estimates
(3.16) and (3.18), we obtain

(3.19) E(IL,*) < n®PHoW,

We handle an upper bound for the second moment of the number of pioneering
sites by the same method. Thus, we have established the upper bound for 7 = 2 of
items 1 and 2 of Theorem 1. This concludes our discussion of these items.

4. Method of disjoint boxes. Denote Pnc(X1,X2,...,X;) =
P(Nj=; Q(x;,n)). Recall the definition of jo = jo(n) and A; in (3.1). Define,
forall jy <jp<--- <,

(4.1) e = Y Y Y PR, Xp).

X]EAjl X2€Aj2 XrGAj.L.

By symmetry, to obtain an upper bound for the tth moment of the number of
pivotal sites, it suffices to estimate the sum

Jo o Jo
4.2) o= Y D Djipee
J1=0p=j1  jr=jc—1

Moreover, by induction on 7 in Theorem 1, we may assume that all the vertices
in (4.1)—(4.2) are distinct. In this section we establish a parametrization of certain
boxes centered at the vertices Xy, X2, ..., X; that are both mutually disjoint and
large enough to yield convergence of the sum (4.2) in our method for estimating
this sum shown in Sections 5 and 6. Indeed, we are led naturally to a certain graph
G defined below that organizes the vertices and their relative distances from one
another. Although this organization is somewhat complicated, it will allow us to
introduce estimations of p, (X1, X2, ...,X;) that refine the estimation approach
based solely on disjoint boxes (illustrated in Section 3.2) because our estimation
will depend also on the configuration of the graph.

We lay the groundwork for the definition of the graph G as follows. Let ¢ > 2
be a positive integer depending only on 7 that we will specify later. We say a
vertex v is “near to” a vertex u, for some u € A;, if v € B(u, 2-7=2¢y), and write
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this (asymmetric) relation as vNu. If v is not near to u, we write instead vNu.
Letnow x; € Aj;, 1 <i <7, with j; < jo <--- < j;. We say that a sequence of
vertices Xy, ..., Xy, is a chain that leads from x7 to Xy, if X5, Nxy,_, for each
i=1,...,k—1.Define e; :=1 and

V= {Xe :e # e, and there exists a chain from X, to X, }

Thus, V; is the set of all vertices that lead to x,, . Note that x; may lead to xo, but if
X2 does not lead to xi, then x., ¢ V1. We denote inductively, by E; := {e:x, € V;},
the set of indices corresponding to vertices in V;, i = 1,2,..., that we now
continue to define. Note that the cardinalities of E; and V; are the same since
we have assumed the vertices X, are distinct. Let e¢p be the smallest index with
ey > e1 such that e ¢ E1. Define

Vo :={x.:e ¢ ({e1, e2} U Ey), and there exists a chain from X, to X,, }.

Thus, no element of V begins a chain that leads to x,,. It may be that x,, leads
to X,,, but we leave x,, out of V as defined. Continuing in this fashion, we take
e3 to be the smallest index with e3 > e> such that e3 ¢ (E1 U E»). Define

V3 :={x.:e ¢ ({e1, e2,e3} U E1 U Ey), and Ja chain from X, to X, }.

Finally, we obtain a disjoint collection of sets of vertices Vi, ..., V,, where some
of the V; may be empty. We say that V; is the set of vertices chained to the root x,; .

Thus, for example, if T = 3 and both x3Nx; and xo Nxi, then V| = {xp, X3}
and e, is undefined. Also if x3Nx; and xoNx; but instead X, Nx3, then again
Vi = {x2,x3} and ep is undefined. If, on the other hand, x;Nxj, X3]\~/ X|
and X3]VX2, then Vi = {xp} and e; = 3 and V, is empty. Further, if Xzﬁxl,
X3ﬁx1 and x3Nxjp, then Vp is empty and e; = 2 and V> = {x3}. Finally, if
Xzﬁxl, Xgﬁxl and Xgﬁxz, then ¢; =i and V; isempty, i =1, 2, 3.

Suppose now, in general, that e; is defined for i = 1,...,r. Thus, r is the
number of root vertices. Note by definition that the vertex xj is always counted
among the roots. We say that a vertex x,, is isolated if V; = &. At nonisolated
roots we introduce a decomposition of the sets V; themselves by means of a local
“near to” relation. It turns out that we will be able to work with one original
root X, and its corresponding set of vertices V; at a time in constructing the
moment estimates of Sections 5 and 6, so in what follows we only write out a
decomposition of V;. We will represent this decomposition as a graph G; below,
where, in general, a connected graph G; with vertex set {X,,} U V; is associated
with the root vertex X, . The graph G on all vertices is defined simply as the union
of the component graphs G;.

Let|Vi| = 1. We denote V| := {y1, ¥2, .. .}, where the names of the vertices have
been changed such that y; € ap, (x1),y2 € ap,(x1), ..., for p; > p» > ---, where
y1 is determined such that y; Nx; and such that y; minimizes the distance to Xx;.
Therefore, p; > j; + 2c¢ by (3.11). We now say that vMwu for some u € a,, (w),
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if v.e Bu,27""2n). We call My, a local relation, where w fixes the locale of
the relation. We describe how to decompose Vi via a collection of local relations
starting with My, in a way wholly similar to the decomposition of the original set
of vertices {X1,...,X;} via the N-relation. Indeed, set f; = 1, rename y; as wy,
and define W as all the vertices of V) \ {w;} that are chained to the root w; by
means of a chain of relations for the relation My,. We rename p s = m; so that
W1 € ay,(X1). Let f> be the smallest index with f, > fj such thaty s, ¢ W;. We
rename y r, = W2 and also p z, = my so that w € a;,, (X1). Note, in particular, that
W21\A/IJX1 wi. Define

Wai={ys:ys ¢ (w1, w2} UW)), and 3a My, -chain from y s to wy}.

Continuing in this way, we define also f3 < f4 < --- as long as these exist and
so also local roots w; =y, and corresponding sets W;, i = 3,4, ..., chained to
them by the relation My,. We also define indices for the locations of the local
roots. Indeed, following the example above for our definitions of m1 and m», we
define m; such that w; € a,,, (x1) for all i such that w; exists. Note by definition,
since m; = py, and p; > pp > ---, we have that m; > mp > ---. In general, for
each i, we further decompose the set W; into a disjoint union:

(Wi} UW; DU (w2 UW;2)U--- .

Here for each j =1,2,..., W; ; is a set of vertices chained to the corresponding
local root w; ; by the relation My, as follows. Assume W; is not empty, else
wi,1 and Wy are undefined. Since W is the set of elements chained to wy, we
know there exists y € Wy such that yMy w;. We take wy ; as such a vertex y
that minimizes the distance to w;. We define the index m 1 by the property:
W11 € am, ,(W1). Therefore, by definition of My, and the fact that w; € ap, (x1),
we have m1 1 > m; + 2c. Note by definition of wy 1, that for any y € W;, we
have y € a,(wy) with some p < m; ;. We define Wy ; as the set of vertices in
Wi\ {wq,1} that are chained to the local root wy 1 by the relation My, . We perform
a similar procedure starting with W5 to define the local root wy 1. In particular,
w2 1 Mx, w>. Likewise, as long as W; is not empty, we define w; ; € W; and a
set W; 1 chained to w; | by the relation My,. Here the indices m> 1,m3 1, ... are
defined such that w; | € am; (W), i =2,3,.... Again, we choose w; ;| such that
m;,1 1s maximal, that is, there does not existy € a,,(w;) N W; with m > m; ;.

We define w; » and Wy 5 if Wi\ (W11 U{w 1}) is not empty. We do this in the
same way that we defined wy and W, from V7 \ (W1 U {w;}). Thus, we order the
vertices in Wy as wy 1, y2, y3, ..., where y; € ap,(wy) withmy 1 > pr > p3 > ---.
Among all elements of W1 \ {w; 1} that are not chained to the local root wj ; by the
relation My, , we choose w > to be the vertex y; with least index. Correspondingly,
we define Wy as the elements of Wi \ (W 1 U {w; 1, w2} that are chained
to wi o by the relation My,. Note, in particular, that Wi € an,,(W)) with
mi 2 < mj ;. Similarly, we define local roots wy ;, j =3,4, ... and foreachi > 2,
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the roots w; j, j =2, 3,.... We define m;, ;,, fori, = 1,2, ..., as indices such that
Wi, i € (W) wWith m =m;, ;,. Again by definition m; 1 > m;» > ---, and, since
Wi 1 € am, ;(W;) and w; | Mx, w;, we have that m; | > m; + 2c.

We inductively continue this procedure such that for a given local root w;, i
and associated local elements W;, _;, chained to it, we decompose

Wil,...,ik = ({Wi|,...,ik,1} ) Wil,.‘.,ik,l) U ({Wi|,...,ik,2} ) Wil,...,ik,Z) U--.

by means of the relation My for w = w;, ;. We continue in this way until no
further local roots may be defined. In general, for kK > 1, we have w;, ;1 €
am(Wi,,....ii) form =m;, ;1 and

Wiig A Mw;, o Wini
Here when k =1, w;, . ;,_, becomes x;. We also define the index m;, .., in
general, by the property that w;, ;.. € am(W; . ;) with m =m; ;.. We
have that, forall k > 0, m;, ;1 >mj 2> ---andm;, ;o1 >my i +2c,
where for k =0, m;,,.._;, denotes ji.

We now use our parameter ¢ to obtain one further property of the indices not
mentioned in the previous paragraph. First, since Wy consists of all vertices w that
may be chained to w; by the relation My,, we argue that ¢ may be chosen such
that

4.3) W€ a,(X)) with p >m; — 1, for all we Wj.

Indeed, since there are at most T — 1 relations with respect to My, that must be
satisfied, if c is large enough and if w € a,,(x1) for some m < m; — 2, then the
chain will not be able to cross the square annulus a,,, —1(X1) to reach wy € a,,, (X1).
Therefore, we choose c sufficiently large to guarantee (4.3). Note that the value
of ¢ so chosen does not depend on the value m; or the location x;. Now, since
we have control on the index p for the location of w, it is easy by estimating the
sum of distances between successive vertices in a chain of relations leading to w
by (r — 1)27™1+1=2¢, that again, by choosing ¢ somewhat larger if necessary,
we have my;, > m + c for all i, =2,3..., while, of course, we still have that
mi,1 > m1 + 2c. By the same argument based at any local root, we have, for all
k >0, that

My, igsiky1 = mij .. +c for ik—i—l = 2, 39 )
4.4)

My, i1 = My i+ 2¢.

We now define the graph G alluded to above. The vertices of G are {x;} U V.
We assume |Vi| > 1, else the graph is trivial. If w;, _; is a local root, we say
that the root is at level k. We define a (horizontal) edge at level & between
belé\.;; we make the edge go horizontally to the left from w;, . ;, to Wi, i 41
to recall the fact that the associated indices satisfy m;, _; +1 < m;,, ;. Next,
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W221 W212 W21,1

Wi,2,1
A
< W2 1 Wi,2 Wi,1
A A
W2 2

< w1
A

W2

X1
FI1G. 1. The graph G|.
we call w; an immediate successor of x;. Similarly, if w;, . ; is a local root

of level k and if the root w;, ;1 exists at level k + 1, then we call this local
root the immediate successor of the former local root. We now define that a
(vertical) edge exists between two immediate successors. In our diagram the level
increases vertically with k. We illustrate G for the following example in Figure 1:
IVil=10, W1 =3,[Wi1] =0, Wizl =1and [Wi21|=0; [W2| =5, Wy 1| =2,
[Waol =1, Wa21|=0, W2 11/=0and W 12[=0.

4.1. Representation of disjoint boxes. We fix the graph G and study the
problem of verifying that certain boxes centered at its vertices that we now
construct are indeed disjoint. Assume | V1| > 1. For each vertex w =w;, __;, € G,
we define

My in.in 1 if Wi, iy...i,.1 EXIStS,
(4.5) m(w) ={ " . .

My in, i if W, i, .. i,,1 does not exist.
Note that since we assume that w; exists, we also have m(x;) = m. We set the
constant value s := 2c¢ + 4 where c appears in (4.4).

PROPOSITION 1. The collection of boxes B(w,27"™=Sp) w e Gy, are
mutually disjoint.

PROOF. Letk>0andletw=w; _; and w = Wil il be distinct vertices

in G1. Define [ as the largest nonnegative integer such that i i =i1,...,1 [’ =1i; and
set z:=w;, ;. If one of w or W is xj, then we set / = 0 and put z = x;. We
consider two cases, namely, (a) one of w or w’ is equal to z, or (b) neither w nor w’
is equal to z. In case (a) we assume, without loss of generality, that w = z. Note
therefore that with this choice in case (a), [ =k, kK’ > k, and W' € W;, __; since
Wi, ...i;,1 €xists. In case (b) we must have both k >/ + 1 and k' >141, else we
are in case (a) again. Thus, in case (b) we may switch the designation of the primed
vertex if necessary such that i; 1 >
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We work first with case (a). Since w' € W;, we have that

..... i
(4.6) W € a,(w) for some p <mj, .1
Indeed, (4.6) holds by the definition of m;,

y € ap (W) among ally € W,
so by (4.6),

4.7) B(W, 2_m(w)_2n) and B(w, 27mW=2y) are disjoint.

,,,,, ir,1 as the maximal m such that
i \ {w}. Now by (4.5), we have m(w) =m;, i, 1,

.....

Consider first a special case of (a), namely, that
(4.8) w e {wil,---,ik,l} U Wil 77777 i, 1

so that w’ is either the immediate successor of w or is one of the descendants of this
immediate successor. It follows by (4.8) that i ,’< = 1. Therefore, since k' >k + 1,
we have, by (4.4) and (4.8), that

n;:
iy,

el 1 Z Mt it ir, +2C 2 Miy iy i1+ 2€.

Therefore, by (4.5), we have that m(w’) > m(w) whether or not the vertex

Wil il 1 exists. Hence, it follows by (4.7) that

B(W.,27"™)=5p) and  B(w,27"™™5n)  are disjoint.

Thus, we have established disjoint boxes under condition (4.8) in case (a).
Suppose next for case (a) that k" > k + 1 with iy | > 2. Thus, we consider the
remaining descendants w’ of w that were not considered in the special case (4.8).

Put W:=w; ix.if ., SO either w =W (when k" =k 4+ 1) or w' is a descendant
of w:
/ ~
W € {W} U Wil""’ik’i1,<+1 .
For all such w/, we have that
(4.9) W €ap(w) for some p <m;, ;v .

Indeed, by definition, the vertex W lies in the annulus a,, (W) where m is maximal:

.....

m > p. Therefore, since indeed W’ is one such vertex y, the assertion (4.9) is
verified. Hence, by (3.13),

B(W,27772n) and B(w,2772n) are disjoint.
But, by definition of the indices and (4.9), we have
(W) = Miy __ig. 1 2 My it 2 P
Also, by (4.4) and (4.5), since [ = k and k’ > k + 1, we have that

/
m(W) = my i Z My i

+c=p+c=p.
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Thus, since s > 2, we obtain the desired conclusion. This completes the proof of
disjoint boxes for case (a).
We now proceed to study case (b). We first note that since k, kK’ > 1+ 1,

D we{wi i} Y Wi i

fUW,

[T ilsiz/+1'

(4.10) ..
(11) w e {wil,...,il,i[/+|

Therefore, just as in (4.9), we find by (4.10) that

() weay(z) for some p <mj, i i

4.11 .
( ) (i) w € a, (z) for some p/ =< mil,...,i,,i,’H'

Now we claim that for p given in (4.11), we have
(4.12) w ¢ B(w,27 7" %p).

Indeed, on the contrary, we would have w M,w. Therefore, we could chain w’ to
Wiy,...ip,irp; DY the relation M. Indeed, if [ < k — 2, then w is already chained in
this way to w;,._j;.i,,,» While if =k — 1, then w =w;, _; ., so we would have
directly that W M,w;, i, i, +1- Therefore, on the one hand, we have the inclusion
(ii) of (4.10) and, on the other hand, we would have that w’ € Ui’; i Wi,....i,i since
w’ is chained to w;, ir.ij41 - But these two inclusions are in contradiction since
i l/ 11> i;+1. Hence, we must not have that this chain relation exists and, therefore,
(4.12) holds.

To finish the argument for case (b), suppose first that p” < p —2. Then by (4.11)
alone and (3.11), we have that B(w’, 2*”/*211) and B(w, 2~P~2n) are disjoint. But
by (4.4) and (4.5),

/ /
m(w) =m, inij,, =P and  m(W) =mj,,_ i, = P-

Thus, since s > 2, we obtain the desired disjoint boxes condition. Suppose finally
that p’ > p — 2. We have by (4.12) and (3.13) that B(w',27772“"2n) and
B(w,27P~2¢=2p) are disjoint. Therefore, we obtain the disjoint boxes condition
by using (4.4), (4.5) and (4.11) to obtain the following two strings of inequalities:
+s>=p' +s>=p+2c+2

----- v =My

and

m(W) +s th i +s Zmi|,...,i1,i1+] +s5 = P+S > P+2C+2

.....

This completes the proof of case (b). Therefore, the proof of Proposition 1 is
complete. [J
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5. Upper bounds in the pivotal case. In this section we will prove in detail
upper bounds for the first and second moments of |Q,|. To do this, we will recall
the approach of Kesten [4] to lay the groundwork that allows us to establish certain
“horseshoe” estimates that we describe below. Let By C B(n) be a box centered
at x near the right boundary of B(n) such that the right boundary of B; lies on
the right boundary of B(n), and let B, C B(n) be a box containing B; such
that the right edge of Bj is centered in the right edge of B,. Thus, B, \ Bj is a
semi-annular region that we call a horseshoe. To estimate E(]Q,|), we bound the
P(Q(x,n)) by the product of probabilities of two subevents of @ (x, n), namely,
(i) there exists a four-arm path from x to dBj, and (ii) there exists a three-arm
crossing of the horseshoe. The probability of the latter event will be handled
by Lemma 5. To organize the sizes of the larger boxes B that fit inside B(n),
we introduce a partition of the box B(n) that is dual to the original partition
of concentric annuli introduced in Section 3. For the second moment, we must
estimate P (Q(x,n)NE&(y, n)). We employ the same “near to” definition employed
in Section 4. When yﬁ X, so that x and y are isolated root vertices, we determine
first whether these vertices are separated sufficiently to give rise to one or two
horseshoes. The boxes and horseshoes we construct for our probability estimates
will remain disjoint. We then utilize independence of events and Lemma 5 applied
to each horseshoe that appears in our construction. From this point of view, our
method for the pivotal case may be termed the method of disjoint horseshoes.
However, if yNx, then it does not suffice to simply apply a disjoint boxes argument
combined with Lemma 2, because this leads to a divergent sum in our dyadic
summation method. Thus we need another result, namely, Lemma 7, that is proved
in the Appendix.

Let B; = B;(2°) C B(n) be a fixed box of radius 2” and for each v > p such
that v — p is an integer, let Bo = B>(2") C B(n) be a box of radius 2" containing
By such that the right edge of dB; is centered in the right edge of d B>. Denote
by H := H(p,v) := B»(2") \ B1(2”) the corresponding horseshoe. Consider d H
with the right edges in common with the right edge of d B, removed. The resulting
set of vertices consists of two concentric semi-rings of vertices in d H. The smaller
semi-ring we denote by 91 H and call the inner horseshoe boundary and the larger
semi-ring we denote by d, H and call the outer horseshoe boundary. Define the
event

4 (p, v) := there exists an open path r; in H = H(p, v) that
connects dy H to d; H and there exist two disjoint
5.1 closed paths r; and r4 in H(p, v) that connect
drH to 01 H; r4 is oriented counterclockwise and
rp clockwise from rq as viewed from 0, H.

LEMMA 5. Define the event that there is a three-arm crossing of the horseshoe
H(p,v) in B(n) with inner radius 2° and outer radius 2" by (5.1). Then there
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is a function ¢(u) — 0 as u — oo and constant C such that P($(p,v)) <
Czp(2+s(p))/2V(2+8(v)).

PROOF. The first main step is to establish (5.2). To do this, we have to recall
the proof of Kesten’s [4] Lemma 4. Since Kesten’s connection arguments will
continue to play a role in our proof of Lemma 7, we repeat the main outlines
of these arguments here for the sake of completeness. For any box B = B(x, r),
we define the ith side, i = 1,2, 3,4, as the part of the boundary of B, that is,
respectively, on the left, bottom, right or top of B. Define disjoint filled squares
Bi = Bi(p), i =1,2,4, that lie outside but adjacent to the sides of B1(2°), where
the index i refers to the ith side, so that the squares are listed in counterclockwise
order around the boundary of B(y, 2”). Here and in the sequel a square will be
synonymous with a box B(X, r) for some center x and radius ». We assume that the
squares f; are of radius 2”3 with spacing 7(2°~3) on either side. See Figure 2.
Define the event F#€(p, v) as the event J(p, v) with the additional requirements
that the path r; h-tunnels through B; and the paths r, and r4 v-tunnel through
B2 and s, respectively, and further, there is a vertical open crossing of 81 and
there are horizontal closed crossings of 8, and B4. We will show

(5.2) P(F(p,v)) <CP(H(p,v)).

Define H(p1,v) := B2(2") \ B2(2°') for any p < p; < v, where by our
definition above, B>(2°') = B;(2°) for p; = p. We now take pj = v — k
and so view a nested sequence of boxes 32(2”*](), k > 1, each in a similar
relationship to the box Bj(2°) as the original box By(2"). Introduce disjoint
squares a; = o; (v — k), i = 1,2, 4, of radii 2V=k=3 that lie now inside but adjacent
and centered to the ith sides of Bz(2”*k), k=0,...,v— p— 1. Likewise, by
similarity to the squares S; (o) on the outside of Bj(2°), introduce corresponding
squares B; (v — k — 1) of radii 2V=k=4 on the outside of B>(2"~*~1). First note for
the case k = 0, that, by the existence of vertical open crossings of the squares
a1(v) and B1(v — 1) and horizontal closed crossings of the squares «;(v) and
Bi(v — 1), i = 2,4, and by the existence of appropriate connecting paths that
h-tunnel through both «{(v) and B;(v — 1) and that v-tunnel through «;(v) and
Bi(v — 1) for each i =2, 4, and by FKG, there exists a constant c; such that

P(H—1,v))>c.

Now we iterate this argument with k£ > 1, while keeping track of the probability
of connecting paths from one step to the next. Indeed, we replace in the above
argument the squares «;(v) and B;(v — 1) by the squares o1 (v — k) and B (v —
k — 1), and only require, besides the horizontal closed crossings and vertical open
crossings, the existence of connecting paths that, as appropriate, either /-tunnel or
v-tunnel through all three of 8; (v — k) and «; (v — k), and B; (v — k — 1), to show
by induction that there exists a constant ¢, such that

(5.3) P(Hv—k—1,v)>cic;¥  allk=0,...,v—p—1.
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Ba(p1)

a(p1)

Ba(p)

(e %1 (p1 ) .Hl (/))

Bi(p1)

B1(2°)

B2(p)

az(p) By(2)

B2(p1)

FI1G. 2. Arrangement of the connection boxes in the proof of Lemma 5. Here p1 = p + 1.

We may assume that v > p + 2, so we now do so. Define the event (o + 2, v)
by replacing the horseshoe H(p,v) in (5.1) by H(p + 2, v), so that obviously
g(p,v) C $(p+2,v).Consider the event J (p+2, v) that the paths r;,i =1, 2, 4,
defining 4(po + 2,v) can be chosen such that each has a certain fence around
it at the location that it meets the inner horseshoe boundary d; H (o + 2, v); see
[4], page 134, for the precise definition of the fence. Kesten shows, by adroit
application of the FKG inequality (see [4], Lemma 3), that each fence, in turn, will
allow an extension of the chosen path r; into H(p, p + 2) by means of a certain
corridor it will travel through, with the result that there is only a multiplicative
constant cost in probability that the path will z-tunnel or v-tunnel, as appropriate,
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through the corresponding square B;:
(5.4) P(K(p+2,v) <CrP(H(p,v)),

where C ¢ depends on the parameter of the fence.
On the exceptional set, where one of the paths r; cannot be chosen to have such
a fence, one obtains, following Kesten [4], page 131, a bound

(5.5) P((p+2,v)\ K(p+2,v)) <8P(J(p+3,v)).

The parameter § can be made as small as desired by adjusting the parameter of the
fence (see [4], Lemma 2). Therefore, by (5.1) and (5.5), one obtains

(5.6) P(3(p.v)) < P(F(p+2.1)) < P(K(p+2,v))+8P(F(p +3.v)).

By iteration of (5.6) and by applying (5.4) and (5.3) at the end, one obtains, just as
in [4], page 131, that

P($(p,v)) <D 8" P(K(p+3t+2,v)) +CsV~P/3

t>0

5 <Y Cy8 P(H(p+3t,v)) + C©Ec) PP P(H(p,v))
. t>0

< P(H(p,v)) ( Y Crer' () + C(3c§)<”—f’>/3>.
>0
Since § is arbitrary, by (5.7), the desired estimate (5.2) follows.

We continue the proof of the lemma. Let y’ be the center vertex of the right side
of By := B1(2”). Recall that 0; H denotes the inner horseshoe boundary of the
horseshoe H(p, v). Let the squares «;(p), i = 1,2, 4, as defined above lie inside
the boundary of B;(2°) = B1(2”). Define the events

€ (p) := there exists an open path | in B{(2”) fromy’ to
01 H and there exist two disjoint closed paths
(5.8) ry and r4 in B1(2°) fromy’' to 0| H;
rp 18 oriented counterclockwise and r4
clockwise from r| as viewed from the vertex y’

and

D(p) := &(p) occurs, the path r| h-tunnels through o (p),
and, for each i =2, 4, the paths r; v-tunnel through «; (p).
Further, there exists a vertical open crossing of a1 (p)
and horizontal closed crossings of a>(p) and a4 (p).

By Kesten’s arguments again, P(E(p)) < CP(D(p))and P(H (p,v))P(D(p)) <
C P(&(v)). Therefore, by (5.2) and these two inequalities, P(J(p, v))P(E(p)) <
CP(H(p,v))P(D(p)) < CP(E(v)). Therefore,

(5.10) P(g(p,v)) <CP(E(1))/P(E(p)).

(5.9
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Finally, to complete the proof of the lemma, we recall Smirnov and Werner’s
semi-annulus version of Lemma 1 (Theorem 3 of [12]) as follows. Let G, (rg, r)
denote the event that there exist « disjoint crossings of the semi-annulus
Ai(ro,r) ={z € C:rg < |z| <r, Iz > 0} for the hexagonal tiling of fixed mesh 1
in C. Then for all ¥ > 1,

(5.11) P (G (ro, r)) = r < &FD/OFo) a1 5 00,
Therefore, by (5.11) with k = 3, we have
(5.12) P(&(p)) =27, 45 p — o0

Hence, by (5.10) and (5.12), the proof of the lemma is complete. [

For our proof of Lemma 7, we will also need the following result that is a
restatement of Kesten’s [4] Lemma 5. Let B(/) be a box centered at the origin
with radius [ > 2, and let B(x,m) C B(l/2). Define disjoint filled squares §;,
i =1,2, 3,4, that lie outside but adjacent to the sides of B(x, m), where the index i
refers to the i th side. We take the squares to have radii m /8 and to be centered in the
sides of B(x,m). Let U4(x, m;[) be as defined in (2.5). Let V4(x, m; ) be defined
by (2.5) with the following additional requirements: the open paths r| and r3 that
exist from dB(/) to d B(x, m) will h-tunnel through B; and B3, respectively, on
their ways to d B(x,m), and, likewise, the closed paths r» and r4 will v-tunnel
through B, and B4, respectively, on their ways to d B(X, m), and, further, there exist
vertical open crossings of §; and B3 and horizontal closed crossings of 8, and B4.

LEMMA 6. There is a constant C such that

P(Us(x,m;1)) < CP(Va(x,m;1)).

5.1. Expectation bound for pivotal sites. We are now ready to estimate
E(]Qy]). We will refine the partition of the box B(n) defined by the concentric
annuli A; of (3.1) by cutting these annuli transversally. Define an increasing
sequence of regions B*(j*), j* > 0, each lying inside B(n) by

(5.13)  B*(j*) :={(x1,x2) € B(n):min{|x; [, |x2} < (1 =277 Dn}.

The set B*(j*) is the box B(n) with squares of diameter 27/ “~151 removed from
each of its corners. We define the dual sets to the annuli A ; by taking the successive
differences of the sets B*(j*):

Aj := B*(0),
(5.14)
A%:=B*(jH\B*(j* = 1), jf =1
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Thus, for j* > 0, A’j'f* consists of four “L’-shaped regions. For each such region,
the “L” cuts off a square in the corresponding corner of B(n). The collection
{A’j’f*, j* >0} is a partition of B(n). Moreover, the following properties hold:

AjﬂA;f*:@, J¥ >,
is a union of eight rectangles, if0< j*<j,
(5.15) is a union of four corner squares, if0< j*=,
is a union of four rectangles, if j*=0and j > 0,
one central square, if j*=j7=0.

Note, by (3.1), (5.13) and (5.14), that we have the estimate
(5.16) |AjNAL|<C27 7 0 all0<j*<j, n>1

for some constant C. Let {A;, 0 < j < jo} be the partition of B(n) defined
by (3.1). Thus, by (5.15), the collection {A; N A}f*, 0<j*<j<jo} comprises a
joint partition of B(n). Hence, we can write

Jo J
(5.17)  E(1Q.D= Y  P(Qkx.n) =Z Z > P(@x,n).
j=0 :OXEAjﬂA*f*

xeB(n)

Now for any 0 < j* < j, we consider x € A; N A}. Choose real numbers
p = p(j,n) and v =v(j*, n) such that 2° < 2~/p and 2" <2 "'n and v — p
is integer. Here f =< g over a range of arguments for the functions f and g
means that there exists a constant C > 0 such that (1/C)g < f < Cg over this
range. We choose B{(2”) to have center x and make the definition of p such that
B1(2°) C B(n), but also such that d B1(2”) C dB(n). This is possible since the
box B(x,27/72n) lies interior to B(n) by construction, so now we expand the
radius of this box such that its boundary just meets that of B(n). Notice therefore
that while p is not independent of x, the value of 2 only varies by a constant
factor with x. We also construct a box B>(2") C B(n) containing B1(2”), as in the
context of Lemma 5, such that B»(2") and B(2”) share boundary points along
the side of B(n) corresponding to the side of the annulus A; that x belongs to.
This is possible by our construction of the dual A*,. Thus, by the definition (5.1)
of J(p, v) and the definition of the four-arm path (2.5), and by independence, we
have that

(5.18) P(Q(x,n)) < P(U4(0,2°))P(F(p,v)).
Let ¢ > 0. By Lemma 2, there exists a constant C 1 such that
P(Ug(0,7)) < Ceqr /4 allr > 1.

Similarly, by Lemma 5, there exists a constant C.> such that P(J(p, v)) <
Cep2(P~C=) all p < v. Therefore by these considerations with » = C27/n >
C/2 and with 2 Jn and 277" n in place of 27 and 2V, respectively, we have, by
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(5.16) and (5.18), that there exists a constant C such that
Jo J o . o
E(1Qu) < Ce > Y 27070 p? (2 i) /4teplmitinGE-e)
j=0j*=0
(5.19)
o0
< ConHHE " 030 < e
j=0

This concludes the case T = 1 of item 3 of Theorem 1.

5.2. Second moment for pivotal sites. In the case of second and higher
moments we will have to consider the condition that a given root vertex X, is
not isolated (so that |V;| > 1; see Section 4). To handle the need for an extra
convergence factor in our dyadic summation method, in this case we introduce the
following lemma. We will use this lemma, in particular, to estimate the probability
of the event @ (x, n) N &(y, n) in case yNx for the second moment estimate below.
Let R be a filled-in rectangle of vertices with sides parallel to the coordinate axes.
For any vertex w contained in the interior of R, denote the event

(5.20) U4(w; R) := Ja four-arm path in R from w to dR.

This is simply an extension of the definition U4(w, n) in (2.5) with R in place
of B(n). Recall also definition (2.8).

LEMMA 7. Let R = R(X') be a rectangle centered at X' with its shortest half-
side of length | > 1 and longest half-side of length L > 1 such that 1 < L/l <?2.
Let R contain a vertex x such that ||x — X'|| <1/2. Suppose further that R contains
a collection of disjoint boxes B; := B(y;, 2*), i =1,...,v, which also have the
property that for eachi =1, ...,v,X & B;. Then there exist constants C, d and cy,
depending only on v, such that

P<U4(X; R)N (m Ua(yi; R))) <CP J4(0 l/d) 1_[ P u4(0’ zki—cl)).
i=1

i=l

We prove Lemma 7 in the Appendix.

We are now ready to estimate the second moment of |Q,|. As in the estimation
of the first moment, we use the partition {A; N A%, 0 < j* < j < jo} of B(n).
Denote p,(x,y) := P(Q(x,n) N &@(y,n)). Hence, as in (4.1)—(4.2), it suffices to
estimate

Jo o J Jo k
(5.21) o= Y Y3 Y paxy).
J=0j*=0xeA;NA%, k=] k*=0ye AN AL

Recall that, as mentioned at the beginning of Section 4, we may assume that the
vertices x and y are distinct in (5.21). We now define a diagonal sub-sum of the
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sum (5.21) according to the condition y € B(x,27/ —2¢n) that is yNx. For this

case, we recall by (3.11) that Um j+2¢ Am (x) = B(x,27/7%n), where c is defined
in Section 4 by (4.4). Therefore, we write this diagonal sum as

Jo Jo
(5.22) =" Y Y > paxy.

j=0j*=0 xeAjﬂA;* m=j+2cyean(x)

Let & > 0. We estimate /. We use thatif y € a,, (x), then (3.13) holds. If m > j +
2¢ + 4, we apply Lemma 7 with v = 1 and X’ = x for a square R C B(n) with half-
side [ =< 27/ n such that B(y, 27" "2n) C R. Note that, indeed, x ¢ B(y, 27" 2n)
for y € a,, so that the hypothesis of Lemma 7 is satisfied with 2*1 = 2725 If
instead j +2c <m < j+2c+4, then we can still define the square R for the same
asymptotic size of I but such that now the box B(y,2 " 2n) C B(n) is disjoint
from R. In this latter case we simply apply independence of events. Finally, we
find a box B; in B(n) of radius 2° =< 27/ n, one of whose edges lies in d B(n) and
that contains both R and the box B(y, 2*1). Forx € AN A**, we construct a box
B> C B(n) of radius 2" < 2~ J"n such that the horseshoe pair (B, B2) conforms
to the context of Lemma 5. Therefore, since on the event Q(x, n) N Q(y, n) there
must be a three-arm crossing of the horseshoe, by Lemma 5, independence and
Lemma 7, and by Lemma 2 applied to both P (U4(0, 2*1=¢1)) and P (U4(0, l/d))
for [ < 2°, we have that

(5.23) pa(x,y) < Csz(p-i-)»l)(—5/4+8)+(p—v)(2—€) < an_5/2+2822j*+(_3j+5m)/4.

Therefore, by (3.12), (5.16), (5.22) and (5.23), we have that

oo J 00
I 5 an_5/2+28 Z Z |A_/ N A7*| Z |am|22j +(—3]+5m)/4
j=0j*= m=j
(5.24) .
oo ] o0 00
< C8n3/2+2€ Z Z Z 2j*+(—7j—3m)/4 < C5n3/2+28 Z 2—3j/2
J=0j*=0m=j j=0

We now turn to the remaining sum I/ := Xy — I. The vertices x and y
left to consider in this sum are isolated root vertices, so that yﬁx. We would
like to construct a horseshoe along the side of B(n) for each vertex in this
pair of vertices. But boxes centered at these vertices, defined by the condition
that each box just comes to the side of B(n), may overlap. To treat this case,
we define an (asymmetric) horseshoe relationship as follows. We write yKx if
y € B(x, 2*j+6n). If yKx, then we define one root horseshoe vertex, that is, x,
while if yf x, then both x and y are defined as root horseshoe vertices. We shall
refer to these cases, respectively, by the number & of root horseshoe vertices,
namely, 4~ = 1 or h = 2. The horseshoe relationship provides a useful way to
organize our construction of estimates.
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Consider first that # = 1 and write 1] for the sum over pairs of vertices in I/
corresponding to this condition. Though there are few vertices y near X that satisfy
both the conditions ||x — y|| > 27/ ~2¢y and h = 1, the fact that y may lie near
the boundary of B(n) requires us to construct a horseshoe at y if k is much larger
than j. So we write I} = Il1a + 1I1b, where the sums Il1a and IIb correspond,
respectively, to the cases (a) j <k <j+2c+2,and (b) k> j+2c+ 2. In
case (a), because h = 1, we can fit two disjoint boxes centered at our vertices
each with radius asymptotic to 27/ inside a box Bj that has a radius 2 < 27/n
of the same asymptotic order. Yet By also has one edge in d B(n). Again, we find
abox B, C B(n) of radius 2" <27/ “n such that the pair (B, By) conforms to the
context of Lemma 5. Note that the size of the set of vertices that y is confined to by
the conditions # = 1 and (a) is bounded by C 272/ n. Therefore, in a similar fashion
as the estimation of I but now without the use of Lemma 7, we have that

o Jj
Illa < an—5/2+28 Z Z |AJ N A;)f*|2—2_]n222p(—5/4+8)+()0—l))(2—8)

=0 j*=0
(5.25) =

o J
kg
5 C5n3/2+28 Z Z 2] 5]/2‘
j=0j*=

To estimate I11b, we first construct a pair of boxes (By, By) as in the context
of Lemma 5 with the parameter o playing the role of p as follows. We find
Bi := B(y, 2%) C B(n) with 2° =< 27kn such that B; has one side in the boundary
of B(n). We take B, accordingly by defining its radius 2" =< 27/ n such that Bj is
disjoint from B(x,2°) for 2° = 2-J/=2¢=1, That B; and B, will exist follows
by (b) and the assumption that the vertices are isolated roots. Now since h =1,
we can also find another inner horseshoe box El with radius 2°! =< 27/n that
now contains both B(x, 2~/ _2“_111) and B;. We pair the box El with an outer
horseshoe box Ez with radius 2" = 2=/ n. Thus, we have the horseshoe formed
by the pair (Bj, By) nested inside the horseshoe formed by (El, Ez). Hence, by
independence and Lemmas 2 and 5, we find that

pn(x,y) < P(U4(0,27)) P(U4(0,27)) P(g (0, 1)) P(F(p1, V1))

(5.26) e e
< Con~5/2H 220" (5] -3K) /4,

Therefore, since there are only on the order of 27/~ n? vertices y accounted for
when y € Ay in the sum /11b, we find by (5.26) that

oo J oo
(5.27) b < an3/2+28 Z Z sz*+(f3j77k)/4.
J=0j*=0k=j

Consider next that 4 = 2. Write I/, for the sum over pairs of vertices falling
under /I that correspond to this condition. In this way II = Il + II>. As before,
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we define j, j*, k and k* by the inclusions x € A; N Ajf* andy € Ay N A}.. We
consider two cases: either (a) |k* — j*| <1 or (b) |k* — j*| > 1. Accordingly,
we will break up the sum I/, into the sum I, = Il,a + II;b with summands
corresponding, respectively, to these cases.

We first work with the case (a). Since k* is almost equal to j*, we shall in effect
lengthen the set Ax N A’]‘f* in the long directions of Ag, and denote this lengthening
by

J¥+1
(5.28) Ak, j» = Ac N ( U A,’;*).

kx=j*—1

Consider one of the eight connected components Ak « C Ag j that is a
rectangular section of Ax on the same side of Ay that x belongs toin A ;. The other
components of A j+ can be handled similarly. Note that by (5.28) and (5.16),
A;(’ j* has dimensions on order of 27*n by 2=/"n. Assume, without loss of
generality, that x = (x1, x) and y = (y1, y2) € A;cy j* both belong to the right side
Aj and Ay, respectively.

We introduce bands of vertices b, := by (X, j, k, j*) in Ak ., for v > 1, by

(529)  by:={(y1,y2) € A} j+ 1027/ n < |z — ya| < (w+ 127/ *n}.

Here v ranges up to order vpax < 2/=J%, By our construction, these bands of
vertices cross A, = transversally. Note that by the assumption 7 = 2 that y € b,

only for some v > 2 so that A), = z"“‘é‘ b,. As for the sizes of the bands b,,, we
have by the definition of Ay and (5.29) that, independent of j* and v,
(5.30) |by| < C2777%n2.

Now choose 2° =< 27/n such that the right edge of Bj(x) := B(x,2”) just
meets dB(n). Also, for y € by, define 29 < 27kn such that the right edge of
B1(y) := B(y,29) just meets dB(n). These are the inner boxes of horseshoes
we will construct at each of x and y. For each v = 2, ..., vphax, we define an
exponent v by 2” =< v2~/n, uniformly in v > 2, so that boxes By(x) C B(n) and
B (y) C B(n), each with radius 2", exist and are disjoint such that (B (x), B2(X))
and (B1(y), B2(y)) each form a horseshoe pair as in the context of Lemma 5. The
outer boxes remain in B(n) by (5.28) and the expression for vp,x. Moreover, the
outer boxes B>(x) and B;(y), while disjoint, are nested inside another box l~31
of radius CZV whose right edge lies in dB(n). Since we are in case (a), we may
again pair By with an outer horseshoe box B, of radius 2! = 277" n. Therefore,
by independence and by application of Lemma 5 to the horseshoe pairs, and by
Lemma 2, we obtain

x,y) < Ce2(ﬂ+0)(*5/4+8)+(0+p7v7v1)(2—3)

(5.31) . e
< Con~5/2426 = 24e02 ) +(5j=3h)/4.
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Hence, by (5.16), (5.30) and (5.31), we have

o jJ oo o0
(5.32) Iha < Con®/%26 3" 37 573 72/ 3T/,
j=0j*=0k=j v=1

Finally, we turn to the sum /I>b. By (b) we have |x; — yp| > 2711y > 2Ky
if k* > j*+ 1, while |x2 — y2| = 27%~1p > 277" if k* < j* — 1. We can
therefore define two different values of v, namely, v; and vy, by 2"! = 2=i"n
and 2"2 =< 27%"5 to obtain two disjoint horseshoes with outer radii 2"! and 2"2.
In detail, we have two pairs of boxes (Bj, B»), where each pair of boxes conforms
to the context of Lemma 5, and where both larger boxes B, are disjoint and belong
to B(n). In one pair B = B(x,2”) and B, has radius 2"! and in the other pair
B1 = B(y,2°) and B; has radius 2"2. Here 2° =< 27/n and 2° =< 2~*n are chosen
such that the inner boxes Bj lie along the boundary of B(n) and are disjoint by
h = 2. See Figure 3. Therefore, by independence and Lemmas 2 and 5, we estimate

A3

FIG. 3.  Horseshoes for t =2 in case | j* —k*| > 1;x€ Ay NAf, y € A3N A3,
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that

n(X,y) < CSZ("+U)(*5/4+6)+(/)+U*V1*vz)(2*€)

(5.33) . )
< Con~5/2H 222N 5 (3] -3K) /4

Hence, by (5.16) and (5.33), we have

(5.34) IIrb < Con/?+%¢ Z Z Z Z 2K H(=Tj=Th) /4

j=0j*=0k=j k*=

Thus, by (5.17), (5.24), (5.25), (5.27), (5.32) and (5.34), we have proved item 3 of
Theorem 1 for v = 2.

6. Higher moments for pivotal sites. In this section we show how to
generalize the first and second moments for the number of pivotal sites shown
in the previous section. We will outline the main ingredients for establishing a
general tth moment by considering in some detail the case 7 = 3. The main
issues not covered so far will be to determine (a) the sizes and numbers of
horseshoes to construct, (b) the manner in which Proposition 1 is applied, and
(c) the way that Lemma 7 is applied. We recall the definition p, (X1, ...,X;) 1=
P(N_; Q(x;,n)) and the sum X that we must estimate in (4.1)—(4.2). As in the
previous section, we assume that each of the vertices in (4.1) belongs to the right
side of its respective annulus A j,.

To organize our construction of estimates, we generalize the horseshoe relation
K on the set of root vertices X;, i =1, ..., r, defined in Section 4. Write

X, KXo, if x,, € B(Xe;, 2_]ei+6n).

The constant in the exponent allows some breathing room so that, in particular, if
Xep K X,,, then there exists / < 27 /%n such that the right edge of the box B(x,,, )
lies on 0 B(n) and such that ||x., — X, || > 4.

We define root horseshoe vertices among the set of root vertices by analogy with
the definition of root vertices in Section 4 but now for the horseshoe relationship.
We denote these root horseshoe vertices by xr,, a =1, ..., h, for some h <r
where f, = e;, and, in particular, f; = 1. We shall define the sets U, of root
vertices chained to the root horseshoe vertices Xz, in a way that is different from
the default definition given by the method of Section 4. The reason for this is that
the organization of certain probability estimates we make below is sensitive to the
order of the indices in the roots that are not root horseshoe vertices. We proceed
inductively as follows. First, if x,, KX,,, then X,, € Uy, else by our definition of
root horseshoe vertices X,, is the root horseshoe vertex Xy,. Suppose now that
f2 = ez so indeed x,, is the second root horseshoe vertex. Then if x., Kx,, but
Xe, K Xf,, We put X; € Uy. This is the default arrangement that we spoke of.
However, if instead x., KX ,, then we put instead X, € U>. In general, if each x,,,
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I <k <1, has been designated as some root horseshoe vertex Xz, with some
1 <a < b or placed as an element of U, for some 1 < a < b, then we determine
the designation or placement of x,,,, by the following rule. If x,, | Kx,, for all
1 <k <i, then e¢;11 = fp41, that is, we have a new root horseshoe vertex. Else
we place X, in the set U, of highest index a such that x,, ,, is related to some
vertex in the current set {x¢,} U U,. Thus, the sets U, are continuously updated,
but elements may only be added and not subtracted, and they are only added at the
highest possible level subject to a chain condition available at the current step. As
a consequence, we obtain after construction that if i < j and if x,;, € {xr,} U U,,
and if Xe; € {x1,}UU) for some b < a, then Xe; K X,; since indeed Xe; is not related
to any element of {x,} UU,. To see how thlS property is used, see the comments
of Section 6.1.5 following (6.32).

6.1. The third moment. We organize our discussion of the case T = 3 at first
according to the value of r. Subsequent levels of organization derive from the
values of 4 and a further parameter ¢ < & that we shall define below.

6.1.1. t =3, r =1. We assume r = 1 so that |V|| = 2. Thus, G = G| has
vertices given by either (i) {x1, wi, w1} or (ii) {x1, w1, w2}. We write [ to denote
the sub-sum of ¥ that corresponds to r = 1. We also write I = Ii + [ii, where
the sums /i and [ii correspond, respectively, to the cases (i) and (ii).

Assume first that (i) holds. Consider now the following subcases under (i):

(@ my1>m;+s+2,
(b) mi1 <mi+s+2,

where s is the constant 2¢ + 4. Partition the sum /i = lia 4+ Iib accordingly.
Consider first subcase (a). Put R := B(wy,[), for [ := 27"17% Since wy | €
am, (W1), we have by (a) that B(wj1,27"172n) C R, while also wi ¢
B(wi 1, Z_m'v‘_zn). Therefore, we may apply Lemma 7 with v =1, X' = x = wy,
¥1 =Wy 1, and 2% = 271172 We also apply Proposition 1 to the subgraph of
G with vertex set {x1, wy} only. Therefore, B(x1, /) and R are disjoint. Hence, by
these results and independence, we find that

(6.1)  pas(x1, Wi, wi1) < P(Ua(0,1) P(Us(0, 2% 7)) P(U4(0, 1/d)).

Note that automatically, because r = 1, we have that 2 = 1 in any case. Therefore,
we may construct a horseshoe with inner radius 2 = 27/1n and outer radius
2V =27 inforxe Aj N Ajf* whose inner box contains all the boxes discussed
above. Hence, by Lemma 5, ]we will be able to improve the estimate (6.1) by a
factor 2(P~V)(2=€) Thuys, by (6.1), Lemma 2 and this last observation, we estimate
that

(6.2) Pn3(X1, Wi, W) < an—15/4+3822j1*—2j1+5(2m1+m1‘1)/4‘
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Since we apply the size estimate (3.12) for each of the indices m = m; and
m =m|, 1, we obtain by (6.2) that

o0 J1 o o
6.3) Iia§C8n9/4+38 Z Z Z Z 21 —=3j1+@2mi=3my 1)/4

jl:()]ik:()ml:]l miy,1=mi

Now consider subcase (b). By Proposition 1 applied directly to G, we have
that the boxes B(wj 1,27"17%n), B(wy,27™ =22,y and B(x;,2 ™1 %n) are
mutually disjoint under (i). Then since 7 1 is at most a constant different than m
by (b) and (4.4), by independence and Lemma 2 alone, we obtain that (6.2)
continues to hold with m; in place of m . Therefore, by substitution of m;
for my 1 also in the size estimate of a,,, , and by eliminating the sum on m i,
we obtain '

oo Jj1 00
(6.4) Iib < Cen®/*3¢ 37 N 3 pdi=3ii=mi/4,
J1=0 jF=0m=ji

To help with case (ii), as well as further cases arising in higher moment
calculations, we first state a general consequence of Proposition 1 that we will
use to set up our application of Lemma 7.

PROPOSITION 2. Consider the graph G| = {X1, Wi, ...}. Set D := 22y,
There exists a constant c¢o and a rectangle R centered at X| with smallest half-
side of length | satisfying D/10 <1 < D/5 and largest half-side of length L
satisfying L /1 <2 and with center satisfying ||X; — X1 || <1/2 such that each box
B’'(w) := B(w, 2-mW=s—copy we G, W #+ X1, lies either entirely inside R or
entirely outside R.

PROOF. First, by Proposition 1, the boxes B(w) = B(w,2""™~=53), w € G,
are mutually disjoint. Since the sum of the radii of the boxes B(w), w # X1, is
bounded by (t — 1) D, we may choose cg so large that the sum of the diameters of
the corresponding shrunken boxes B’(w) is at most D/16. Therefore, by the same
argument as given in the proof of Lemma 7 in the Appendix for the construction
of R, with D here playing the role there of the distance D,, the proof is complete.

O

We now continue our discussion of case (ii). We apply Proposition 2 directly
to the graph G, to obtain the rectangle R having the properties stated there so
that, in particular, B(x,//2) C R C B(x;, D/5) for D :=27/172n. We apply
Lemma 7 with v = 2, x = x;, and 2% = 2~"(Wi)=s—C0, Hence, by Lemma 2, and
by independence applied to any shrunken box lying outside R, we have that

2
©5) Pn3 (X1, Wi, W) < CP(Us(0,1/d)) [ | P(U4(0,24 1))
. i=1

< Con~15/443e05 (it +ma) /4.
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As in case (i), we may construct a horseshoe with inner radius 2” and outer
radius 2" as chosen above, whose inner box contains all the boxes implied by
the estimate (6.5). So we may improve this estimate by the same factor coming
from Lemma 5 as before. Therefore, by (6.5), this repeated observation, and the
size estimate (3.12) for each index m = m and m = my, we obtain

oo Ji 00 )
(66) lii §C£n9/4+3€ Z Z Z Z 2j1*+(77j173m273m1)/4'

J1=0 jF=0ma=jj mi=my

6.1.2. t=3,r=2. Wefirstassume that |V{| =1 and | V>| = 0. For simplicity,
we assume that x3 is the second root. Thus, the graph G has vertices {x;, w;} and
the graph G» is trivial over the (isolated) root vertex {x3}. Next we determine
whether we have a horseshoe relationship between the two root vertices or not. If
x3 KX, then we have h = 1, else we have 1 = 2.

We work first with the case 4 = 1. Similar to our analysis of the corresponding
case of the second moment estimation, we have two possibilities under & = 1:
either (a), j1 < j3 < j1 + 2c + 2, or (b), j3 > j1 + 2c + 2. We write II; to
denote the sub-sum of X that corresponds to r =2 and & = 1. We also write
Iy = Il1a + I11b, where the sums Il{a and IIb correspond, respectively, to the
cases (a) and (b). We study first case (a). We apply Proposition 2 to the graph G
to obtain a rectangle R such that B(xy,[/2) C R C B(xy, D/5) for D :=2"/1"%¢y
and [ > D/10, so that B’(wy) lies either inside or outside R. By construction of the
original roots and by the cases m| = j; 4+ 2c or m| > j; + 2c¢ + 1, we find that the
box B(x3,27 3742y is disjoint from both R and the box B(wy, 2 "1~22y)
[see (7.4)]. Hence, we can apply independence and Lemmas 2 and 7 to estimate

Pu3 (X1, Wi, X3) < P(Ua(0,1/d)) P(Us(0, C27" 1)) P(UO, C27 7))

(6.7) .
< Cen—15/4+3825(2]1+m1)/4’

where the last inequality holds because under (a), j3 is within a constant of jj.
Since & = 1, it is again an easy matter to construct a horseshoe as in each
case of Section 6.1.1 with inner radius 2° =< 2~/1n and outer radius 2" < 2~/in
whose inner box contains all the boxes implied by the estimate (6.7). So we
may improve the estimate (6.7) by an application of Lemma 5. Hence, because
lam,| < C 272M1p2 and since there are only C 272/1p? vertices X3 to account for
when 2 =1 and (a) holds, we have that
oo J1 00
(6.8) Illa5C8n9/4+3€ Z Z Z 2 Ji+(=10j1=3m1)/4
1=0 ji=0m1=j1
We next study case (b). Since 4 = 1, we have that the rectangle R exists as

constructed above. But now because j3 is sufficiently larger than j; and since x3
is isolated, there is room to construct a pair of boxes Bj and Bj as in the context
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of Lemma 5 with B; centered at x3 as follows. We find By = B(x3,2”3) C B(n),
with 23 = 27535 such that the right-hand side of Bj lies in d B(n). We take B>
accordingly by defining its radius as 2”3 =< 27/1n such that B, is disjoint from
both B’(wj) and R, where B’(w)) is the shrunken box given by Proposition 2.
Hence, by independence and Lemmas 2, 5 and 7, we find

Pn3(X1, W1, X3) < P(U4(0,1/d))
(6.9) x P(U4(0,C27"'n)) P(U4(0,2"3)) P(F(p3, 13))
< Con 222 pUrtmi+3)5/4=e) (1=j3)(2=8)

Again we may improve this estimate by introducing a horseshoe whose inner box
contains R, B’(wj) and the horseshoe pair (Bj, B). So we multiply the right-
hand side of (6.9) by the factor 2(°~")=8) where the radii 2 and 2" are defined
up to multiplicative constants in the previous case (a). Since by & = 1, there are
only C 27175312 vertices x3 accounted for with x; € A j; and x3 € A, we find by
these observations that
o Jj1 00 00
(6.10) b <Con®43 3" 3" N N i H S ImT /A
J1=0jf=0mi=j1 j3=j1

We now pass to the case i = 2. Note that the sum over x3 in /> is no longer
localized strictly nearby x; via the horseshoe relation, so we will be able to
construct a larger horseshoe at x3, but how large now depends on the relation
between the dual indices of the original two roots. Let x; € Aji*, i =1,3. There

are two cases to consider regarding the dual indices:
either (a) [jf — jiI <1 or () [ji—j51=2.

Define sums /1>a and I1,b by partitioning the sum /I, according to these cases.
We work first with case (a). As in Section 5, we have x3 € A, Jt where
the latter set is defined by (5.28). For convenience, we rewrite the bands b, =

bv(xl, jla j3’ .]]*) Of (529) by

by = {(y1,32) € A 2102700 < |(x1)2 = y2| < (0 + D27/1+n)

foreachv=1,2,..., Upax, With vpax < 2/1=Ji . Here we have simply substituted
X1, j1, j3 and jl* for x, j, k and j*, respectively, in the original definition. Notice
by the definition of the horseshoe relation that x3 € b, only for v > 2. We utilize
the rectangle R and the box B’(w;) we have constructed for 2 = 1. First choose
the radius 273 < 27 /3n such that the right edge of B (x3) := B(x3,2"*) just meets
dB(n). Also choose 2°! =< 27/in such that the right edge of B;(x;) := B(xy,2"')
just meets d B(n). These are the inner boxes of horseshoes we will construct at each
of x3 and xj, respectively. Note that By (x;), in fact, contains both R and B'(wy)
because these latter sets are chosen via the constant ¢ of Section 4 to both lie
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within a box of radius 27/1n centered at x;. For each v =2, ..., max, we define
2V =< v27J/1p, uniformly in v > 2, so that boxes B>(x;) C B(n) and B(x3) C
B(n), each with radius 2", exist and are disjoint such that (B(x1), B2(x1)) and
(B1(x3), B2(x3)) each form a horseshoe pair as in the context of Lemma 5. The
outer boxes remain in B(n) by (5.28) and the expression for vy,x. Moreover, the
outer boxes By (x1) and B»(x3), while disjoint, are nested inside another box §1 of
radius C2V whose right edge also lies in d B(n). Since we are in case (a), we may
again pair El with an outer horseshoe box Ez of radius 2" = 27 /in. Therefore,
by independence and by application of Lemma 5 to the horseshoe pairs, and by
an application of Lemma 7 as in the case h = 1, for x3 € b,, we have that, for all
vV >2, ppi= pp3(X1, Wi, X3) satisfies

pn < an_5/2+282(j‘ +mi+j3)(5/4=e) o (p1+p3—v—v1)(2—¢)

(6.11) e .
< an—]5/4—}-3’8”—2—&—522]1 +(5j1+5m —3]3)/4.

Hence, by (6.11), (5.16), (3.12) and the estimate |b,| < C2~/1=5Bn? [cf. (5.30)],
we have

oo Ji 00 00
(6.12) Iha <Cen®/*F* 3" %~ 3 "

J1=0j¥=0mi=ji j3=jiv

o

v72+€2j1*+(*3j1 —3m1=7j3)/4
=1

Consider next case (b) under 2 = 2. The difference with case (a) is that now the
outer boxes By(x1) and B>(x3) found there may be chosen with larger radii while
still remaining disjoint. Thus, the horseshoe pair (Bj, B») is no longer needed in
this case. Indeed, we may now take the radii of these outer boxes as 2" =< 27/ in
and 2V =< 27 /3p, respectively. By definition of the dual partition, these larger
boxes still remain in B(n) and are disjoint. Therefore, we obtain in place of (6.11)
the bound

P < an_5/2+28 2 (1+mi+j3)(5/4=&) 5 (p1+p3—vi—v3)(2—e)

(6.13) L . .
< Con~13/443e Q2T+ 25+ (=3 j1+5m1=3)3) /4

Hence, by (6.13), we have
o oo 00 J1 J3
(614) 112b < C8n9/4+38 Z Z Z Z Z 2jik+j3*+(77j173m177j3)/4'

J1=0m1=j1 j3=j1 j{=0 j3=0

Finally, in the case that the isolated root vertex is instead x; (so V| = &) and the
second root vertex is X (so Vo = {x3}), we obtain a wholly analogous estimation
by writing out the cases (a) j» < j1 +2c+2,and (b) j» > j1 +2c+2under h =1
and by writing out the cases (a) | j5 — ji| <1, and (b) | j5 — j{| > 1 under h =2.
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6.1.3. T =3, r = 3. In the case r = 3 we must have three isolated roots
relative to the original partition {A ;} that are simply x;, X, and x3. The basic plan
in all that follows is that a horseshoe must be constructed whenever there is room at
a given level of algebraic or dyadic division to do so. Algebraic levels of division
arise according to placement of a root vertex in a band b, or in another closely
related band b, that we define in Section 6.1.4. The horseshoe structure depends
on the room that exists between root vertices. This spacing will be accounted for
by various joint inequalities in the dyadic indices j;, or in another spacing relation
that we introduce for the dual indices j* in Section 6.1.5.

6.14. t=3,r=3, h=1. We assume first that # = 1. The set of root vertices
chained to x; by the horseshoe relationship is therefore Uy = {x3, x3}. We write
1111 to denote the sub-sum of X that corresponds to » =3 and h = 1. We write
four conditions:

@b j1<jp<j1+2c+8, (bl)jr>j1+2c+38,
@) p<jz<jp+2c+38, (b2) j3>jo+2c+S8.

We also write Ill| = Illjala2 + III1bla2 + Il alb2 + III1b1b2, where the
summands correspond, respectively, to these four joint cases.

For any vertex x; € U, we define bands of vertices b, = b/, (x;, ji), for all
u=0,1,...and i > 2, that divide Rg := B(x;, 2~/11%"7n) N B(n) into horizontal
sections by

(6.16) b, :={(y1,y2) € Ro:u2 77 n < |(xi)2 = 2l < (u+ 27},

(6.15)

where u ranges up to umayx =< 2/ ~/1 for i > 2. Here the exponent in the definition
of Ry is chosen such that, by the definition of the horseshoe relation, any vertex
in U; lies in Ry. The main difference between the bands b/, and the bands b, that
we defined in (5.29) is that, contrary to that definition, here we place no restriction
that b, lie in some single annulus A j,. Although these new bands play a similar
role as the original ones, we apply them at a different level of the construction of
estimates. We apply, in general, the b/, within a horseshoe set U, with U, # @. We
apply the b, instead in a region between such horseshoe sets. Now, by (6.16), for
any annulus A ;,, we have that

(6.17) bl (x;, ji) N Aj,| < C27/i7Hkp®  forall u > 0.

Study first the joint case (al)—(a2). In this case all three vertices are located
either in A; or a nearby annulus. Therefore, since 7 = 1, X, and x3 are each
confined to a set of vertices of size at most C2~2/1n2. We call such a size estimate
a confinement factor. Since the roots are isolated, we may construct disjoint boxes
with centers at the vertices x;, i = 1, 2, 3, such that each has a radius 2°! < 27Jin
and each lies in Ry. Construct a box B; of radius 2° =< 27/1n whose right edge
meets dB(n) and that contains Ry. Pair By with an associated outer horseshoe
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box Bj of radius 2V =< 2~/ n. Hence, by independence and Lemmas 2 and 5, and
the confinement factors, we easily have

oo i
(6.18) ljala2 < Con®/*73 37 N7 2Ji=130/4,
J1=0 j=0

Under the joint case (b1)—(a2) we study two subcases,
(6.19) either (i) X3 € by(x2, jo) or (i) X3 € b) (X2, j2) for some u > 1.

Partition the sum I111b1a2 accordingly: I111b1a2 = Ill1b1a2i + Il11b1a2ii. Study
first subcase (i) under (b1)—(a2). Since the vertices are isolated roots, by (a2),
we can choose radii 2° < 27/2n and 2° =< 27 /15 such that the boxes B(xp, 2°),
B(x3,2°) and B(x3,2°) lie in B(n) and are mutually disjoint. Moreover, by
(b1) and (i), the boxes centered at X, and x3 are both contained in a box B; of radius
C2° < 2771725 whose right edge lies on 3 B(n), where we choose 2° such that
Bj is also disjoint from the box centered at x;. We construct a second box B> so
that the pair (B1, B2) conforms to the context of Lemma 5 where the outer box has
radius C2” and is disjoint from the box centered at x;. We also construct an inner
horseshoe box El of radius 2°! =< 2~ /15 that contains all the boxes constructed so
far and pair it with an outer horseshoe box Eg of radius 2V = 2 Jin. Thus, by
independence and Lemma 2 and two applications of Lemma 5, we have

Pu3(X1, X2, X3) < ng(p+20)(—5/4+8)+(0+,01—p—V1)(2—8)

(6.20) i+ (5142
< C = 15/443ep2) 1+ +22)/4

Since under /# = 1 and (a2) the confinement factor for x5 is C2~/1=/2n2, and since
under the added condition (i) the confinement factor for x3 is C2~22n2, we obtain
by (6.20) that
oo j1 00
(6.21) I1bla2i < Con®/43¢ Y~ 3~ N~ /i H(F3n=102)/4,
J1=0 j¥=0 ja=ji

Consider next subcase (ii) under (bl)—(a2). The difference with case (i) is that
we now create two disjoint inner horseshoes instead of just one. We take inner
boxes Bj(x;) centered at X;, i = 2,3, with radii 27 =< 2~ 2p, i = 2,3, such that
these inner boxes meet the boundary of B(n) and are disjoint and are, moreover,
disjoint from a box centered at x; with radius 2° =< 27/1n. We take the associated
outer boxes Ba(x;), i = 2,3, each with a radius 2" =< u2~/2n, for u ranging up
to order 27271, Both outer boxes of these horseshoes are disjoint from B(x1, 2”)
by (bl). Further, we construct a third horseshoe by taking an inner box B; of
radius C2" that contains both the outer boxes B> (X;), i = 2, 3, and that admits an
outer box B, of radius 2°! =< 2~ Jip that is still disjoint from the box B(x1, 2°).
Finally, we construct a fourth horseshoe pair (§1, §2) such that §1 contains all the
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previous outer boxes, as well as the box B(xp, 2°). We take the inner and outer
radii of this last pair to be, respectively, C2°! and 2"! < 27Jin. Therefore, we
obtain

Pn3(X1,X2,X3) < Cg2(P+02+p3)(_5/4+8)+(92+P3_V—VI)(2—3)
(6.22) e n

< C,n~ 1514436 ~2+e02/i +(514272)/4.

Now by (a2) and (6.17), we have that b, VA ;| < C27 2722, Also, x; is confined
to a region of size C2~/1772n2. Therefore, by independence and Lemmas 2 and 5,
we obtain by (6.22) the estimate

HI1bla2ii < Con’/4t3¢

330>

J1=0j{=0ja=j1u

o
u
=1

(6.23) —2+ej{+(=31-102)/4

We now consider the joint case (al)—(b2). Since j3 is sufficiently larger than j»
and the roots are isolated, we can construct a horseshoe at x3 with inner radius
2P =< 275y and outer radius 2” < 27/2n < 27/1n and choose the radius 2° <
27J1n so that the outer box of this horseshoe will be disjoint from both the boxes
B(xy,2”) and B(xp,2”) that lie in B(n) and are themselves constructed to be
disjoint. Again, we construct a large horseshoe pair (By, By) with inner and outer
radii 2°! and 2", respectively, as in the previous cases such that B\ contains the
smaller horseshoe, as well as the boxes B(xp,2”) and B(x3,2”). Therefore, by
independence and Lemmas 2 and 5, and by (al), we have that

P 3(X1, X2, X3) < C82(2p+p3)(—5/4+8)+(p1+p3—v—v1)(2—s)

(6.24) N 1-3j
< Con~13/4+3892j1+(10j1=3)3)/4

By h =1 and (al), we have that x; is confined by the factor 272712, while by
h =1 alone, X3 is confined by the factor 277177312, Therefore, since by (al) we
eliminate the sum over j,, we obtain by (6.24) that

o i o0
(6.25) 1a1b2 < Cen®4+3% 37 30 37 i+ 6i=1m/4,
J1=0 j¥=0 j3=ji

Consider finally the joint case (b1)—(b2). Again we apply the dichotomy (6.19).
We partition the sum [I11b61b2 = lI11b1b2i + 1I11b1b2ii accordingly. In sub-
case (i), under (b1)—(b2), we take a horseshoe at x3 with inner radius 23 =< 27 /3n
and outer radius 2”3 < 27/2n, where the outer box is disjoint from the boxes cen-
tered at x5 and x| of radii 2° = 27/2n and 2” < 27 /1n, respectively. These last two
boxes are chosen to be small enough that, even doubling their radii, they would
not meet 0 B(n). We next take a horseshoe (Bj, By) such that B; has a radius
2°2 = 2712 and contains both the box centered at x, and the horseshoe at x3.
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We take B; to have a radius 2"2 < 27 /1 that is disjoint from the box centered

at x;. Again we construct a large horseshoe pair (§1, Eg) with inner and outer
radii 2°! and 21, respectively, as in the previous cases such that B) contains both
the smaller nested horseshoes, as well as the box B(x;, 2°). Therefore, we obtain
by independence and Lemmas 2 and 5 that

Pu3(X1, X2, X3) < C82(p+0+03)(—5/4+8)+(01+p2+p3—v1—vz—v3)(2—8)

(6.26) o
< Con ™ 13/4H3e 02/ + G452 -313)/4,

By h =1, we have that x, is confined by the factor 2=/1=12»2 while in addition
by (i), x3 is confined by the factor 2-/2=J3p2, Therefore, we obtain by (6.26) that

oo J1 00 00
(6.27) HI1b1b2i < Cen®413¢ 37 N N7 N 2+ =3n7T)/4,
J1=0j=0 j2=j1 j3=Jj1

Finally, in subcase (ii), under (b1)—(b2), we take inner boxes Bj(x;) centered
atx;,i =2, 3, withradii 27 =< 27 Jin, i =2, 3, such that these inner boxes meet the
boundary of B(n) and are disjoint and are, moreover, disjoint from a box centered
at x; with radius 2P = 2~/1n. We take the associated outer boxes By (X;), i = 1, 2,
each with a radius 2” < u2~/2n, for u ranging up to order 2/2=/1, Both outer boxes
of these horseshoes are disjoint from B(x1,2”) by (bl). This almost looks like
subcase (ii) under (b1)—(a2), except notice that here the box Bj(x3), while still
having a radius distinct from the box Bj(x2), has now an asymptotically smaller
radius since we are in case (b2). All the remaining arrangements of boxes and
horseshoes are exactly as in subcase (ii) of (b1)—(a2), with the same formulae for
asymptotic radii. Thus, we have a total of four horseshoes. Therefore, we obtain

P 3(X1, X2, X3) < Cs2(;0+/02+:03)(—5/4+8)+(pz+/03—V—Vl)(2—8)

(6.28) o
< an_15/4+38u_2+82211 +Gj1+5j2=3j3)/4

Now by (6.17), we have that |[b, N Aj,| < C2-72=53p2. Also, x5 is confined to
a region of size C27/1=/2n? by h = 1. Therefore, by independence and Lemmas
2 and 5, we obtain by (6.22) the estimate

HI1b1b2ii < Con®/4t3¢
(6.29)

oo i o) o0

x Z Z Z iu_2+82jl*+(_3j1_3j2_7j3)/4.

71=0j{=0 jp=ji j3=jru=1

This concludes our analysis of the case & = 1.
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6.1.5. t=3,r =3, h =2. We consider next that 7 = 2. We assume first that
U = {x»} so that we have root horseshoe vertices x; and x3. Again, because r = 3,
all the roots are isolated and, moreover, the root x3 is an isolated root horseshoe
vertex. We write II1, for the part of the sum X corresponding to this arrangement.
Recall that we locate the vertices in the dual partition, in general, by the dual
indices j* such that x; € A;f*, i=1,2,....

Perhaps by now part of the outline is clear. Initially, we consider two
possibilities:

either (a) jo < j1 +2c+8 or (b) jo> j1+2c—+8.

However, while we will construct a horseshoe at x3 in either case, we must
delineate its size. Its outer radius may be as small as Cv2™/2n when x3 €
by(x2, j2, j3, ji),and it may be as large as C27J1 whenxs € A’]’f; for [ j3 —j'| = 2.
So, in general, we need to know the manner in which the root horseshoe vertices
Xy, are separated in the dual partition. We have already seen such an analysis
in case r =2 and h = 2. We generalize the approach shown there. For any dual
indices k* and j* of root horseshoe vertices (we call such indices also as dual
horseshoe indices), write that k*J*j* if [k* — j*| < 1. We say that a dual index
j;‘Z, of a root horseshoe vertex X ¢/ is chained to the dual index jjﬁ of another root
horseshoe vertex X ; if there exists a sequence of J* relations from j}, to ];'Z By the
method of Section 4, we define root dual horseshoe indices j;ﬁl* < j;ﬁz* << j;’Zt*,

with f" = fi and some ¢t < h, where Xy, =X is the first root horseshoe vertex.

In the current case we have either t = 1 or r = 2, where f = 1 means that
[j5 — Jj{'| <1 and t =2 means that the opposite inequality holds. We write 11l ;
for the part of the sum X corresponding to » = 3 and the given values of 4 and ¢.
Since here h =2 and t = 1 or 2, we have Il = Il 1 + 1] 2. We further partition
Il =1l 1a + 115 1b and Il o = Il 2a + 115 »b for the arrangements of
vertices corresponding, respectively, to cases (a) and (b).

We consider first an estimate of /I15 1a so that, in particular, t = 1. Put b, :=
by(x2, j2, j3, ji). Since h =2 and t = 1, we have x3 € b, for some v > 2 (cf.
the case & = 2 of Section 6.1.2). Here v ranges up to vmay < 22771 < C2/1—J1
by (a). We choose a radius 2”3 < 2735, so that the right boundary of the box
Bi1(x3) := B(x3,2”) meets dB(n). This is the inner box of a horseshoe at x3.
We construct boxes B(x;,2”), i = 1,2, lying inside B(n) with a common radius
2P =< 27/ that are themselves disjoint and also disjoint from Bj(x3). This is
possible since r = 3 and & = 2 and with the given radius for i = 2 by (a). Yet by
(a) again, the vertex X, although in a horseshoe relationship to x|, may stray as
far away as v92~/2n from x; for some constant integer vg > 2 since we are here
measuring the distance in terms of the exponent j,. This can easily be dealt with
by breaking up the analysis into the subcases v < 4vg and v > 4vg. For v < 4vg we
take the outer box B> (x3) of a horseshoe at x3 to have radius 2”3 =< 2725 < 27 Jip.
For v < 4vg, we do not yet construct a second horseshoe of outer radius 2"3. For
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v > 4vg, we do construct another such horseshoe as follows. We construct an inner
horseshoe box Bj that contains B(x;, 2”) for each i = 1, 2 that has radius C2” and
is disjoint also from Bj(x3) by our choice of large enough v. Accordingly, we
adjust the radius B(x3) upward to 2"3 = v272n < v27/1n and also define an
outer box By paired with B in a horseshoe formation, by taking the radius of B>
as also 2¥3 =< v27/1n. We choose this radius such that B»(x3) and B, are disjoint.
Hence, if v > 4vg then we have two horseshoes of equal outer radii. The outer
boxes remain in B(n) by (5.28) for v < vmax. Moreover, these outer boxes are
nested inside another box Bj of radius C2"* whose right edge also lies in 9 B(n).
Since we are in case t = 1, we may again pair B with an outer horseshoe box B, of
radius 2" < 2=/"n. By (a), we have that the confinement factor for x; is C2~2/122.
The confinement factor for x3 at level v is by (a) and (5.30), |b,| < C2~/1=53p?,
independent of v. Therefore, by independence and Lemmas 2 and 5, and by using
(a) to eliminate the sum on j,, we obtain the following estimation:
oo J1 00
(6.30) Il a < Con®/413 3" 3™ N Ny e i H 0T/,
J1=0 j{=0 j3=j1 v=1

Consider next an estimation of [Il> 1b. We have two subcases as follows.
Subcase (1): X3 belongs to the band by ,, := by, (X2, j1, J2, j{") for some v; > 2,
where v; ranges up to vi max With v max =< 2/1=Ji | But since we may have
X3 € U}H:O b1,y,, we have also subcase (ii): x3 belongs to the band b ,, =
by, (X2, j2, j3, ji) for some vy > 2, where now vy only ranges up to v2 max
with v max =< 2/2=J1 These subcases comprise a dichotomy since X3 is not in a
horseshoe relation to either x, or x;. Partition the sum 1115 1b = 1115 1bi + 1115 1bii
accordingly. We study first subcase (ii) under (b). Since j, is sufficiently larger
than ji, we will now be able to construct horseshoes at both x; and x3 with outer
radii of each given as 2”3 =< v727/2n. We also construct a horseshoe with inner box
of radius Cv227/2n containing both the horseshoes at x; and x3, and with outer
radius 2° =< 27/1n. We choose 2” small enough subject to this asymptotic relation
so that the box B(xj, 2°) is outside this last horseshoe. We also construct a large
horseshoe pair (B}, B,) with inner and outer radii 2”1 < 27/1n and 2"! < 27,
respectively, as in the previous cases such that B; contains both the smaller
nested horseshoes, as well as the box B(x;,2”). The confinement factor for x,
is C27/1=12p2 while that for x3 under subcase (ii) is C27/2753n2. Therefore, we
obtain

Il 1bii < Con®/*+3

(6.31) SRR Dben i +(-3]1-32Tj5) /4
DD DD NP NP ILS |

J1=0j¥=0 jo=j1 j3=j2 v2=1

We turn to subcase (i) under (b). Now ||x3 — x;|| > C27/1n, i = 1,2, for all
v] > 2. Similar as in case (a), we delay the construction of a horseshoe near x;
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until vy > 4 since we may have ||xp — x| > v12~/115 for some v; < 2. But since
this will not affect the estimate, we assume v; > 4. We still construct an inner
horseshoe at x, with inner horseshoe box Bj(x3) of radius 27 < 2~ J2p, and outer
horseshoe box By (xy) of radius 2¥2 =< 2~ J/1n. We take By(x7) to be disjoint from a
box B(x1,2”) of radius 2°! < 2=/, We construct an inner horseshoe box Bj (x3)
of radius 27 =< 273 and an associated outer horseshoe box B, (x3) of radius
2" =< v127/1n. We also construct a box B; whose right edge meets the boundary
of B(n) that also contains the outer horseshoe box B;(x») and the box B(xj, 2*)
that were already constructed to be disjoint. We pair B; with an outer horseshoe
box B, of radius 2" so that B> (x3) and B are disjoint. We finally construct a large
horseshoe pair (B1, By) but now with a new inner radius C2"3, while the outer
radius remains 2”1 < 27/ n. So we have four horseshoes in all. The confinement
factor for x; is C2~/1=Jin2, j =2, 3. Therefore, we obtain

Il 1bi < Cen®/413¢

o J1 o0 o0 5 77
x Z Z Z Z Z vy +en it +Ui=Tn=1j3)/4

J1=0j{=0ja=j1 3=j2 v1=1

(6.32)

We comment on the situation that instead Uy = {x3} and x 7, = x; with U =
when 4 =2 and ¢ = 1. In this case we do not have to consider the possibility that
x3KXx; since, by our definition of the sets U, if this relation did hold, then we
would instead have the case U; = @ and U, = {x3} that is analogous to the one
we have just considered. We consider now the cases (a) jz < j» + 2¢ + 8, and
(b) j3a > j» +2c + 8. In case (a) we have an analogous situation as in the previous
case (a) except now we have x3 € b, (X2, jz, j3, ji'), s0 in the generic case that v is
sufficiently large, we construct horseshoes at each of x, and x3 of asymptotically
equal inner radii by condition (a) of order 27/2n and equal outer radii of order
v27/2n. We obtain an estimate for the corresponding sum 1 ja as

oo Jj1 o0
111’2 a San9/4+38 Z Z Z 2Ji +(=3j1-10j2)/4
J1=0 ji=0 ja=ji

In case (b) we break up the analysis by the dichotomy (i) X3 € by, (X2, j2, j3, ji)
for some vy > 2, or (ii) X2 € by, (X1, j1, j2, ji) for some vy > 2. With this minor
change in notation, we obtain estimates for the sum corresponding to these cases
with the same forms of estimation as shown for Il 1bi and Il 1bii. This
concludes our discussion of the case t = 1 under & = 2.

We next discuss the case ¢+ = 2. We assume, as in the original discussion of
h =2andr =1, that U; = {x»}. Now, however, the second root horseshoe index is
far from both x; and x; by assumption, that is, the length scale of this distance is
max{2 =3 n, 27/ n} as compared to 27/1n for the length scale between X, and x;.
In the generic case that j, is sufficiently larger than j;, we construct a horseshoe
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at x, of inner box of radius 2°2 =< 2~/25 and outer box of radius 2"2 < 2~ /15 that
remains disjoint from a box B(x1, 2”) with radius 2° =< 2~J/1n. This horseshoe is
nested in a large horseshoe (B1(x1), B2(x1)) with inner radius 2°! = 2~/15 and
outer radius 2" = 27Jin. We also construct a horseshoe (El (x3), EQ(X3)) with
inner box of radius 273 = 2~/3n and outer box of radius 23 < 27/3n such that
the outer boxes Ez(xl) and EZ(X3) are disjoint. Thus, in this generic case (b) we
obtain an estimate

[T o0

(6.33) Il b < Cen®/413¢ Z oy Z Q31T =Tj3)/4
J1=0 j{=0 j3=J1 j§=0

This concludes our discussion of the case i = 2.

6.1.6. T =3, r =3, h =3. We finally consider the case & = 3. Write III3
to denote the sub-sum of X that corresponds to & = 3. We partition /ll3 =
Il 1 + IlI3 > + 1113 3 according to the cases t = 1,2, 3, respectively. Consider
first that h = 3 and t = 1. We take X3 € by (X1, j1, j3, j{) with some v > 2. We
take Xy € b, (X1, j1, j2, ji') with some u > 2. We have three cases for v > u:

@2w>v>u+2, ®Bv>2u and ()0<v—u<Il.

Partition /113 1 = I1I3,1a + IlI3 1b + 1113, c accordingly.

We study first case (a). We define inner horseshoe boxes Bj(x;) of radii
20 =< 2~ Jip, i =1,2,3, for the three respective vertices. We define the radii of
the associated outer horseshoe boxes By (x;) for i = 2,3 to both equal 22 =
(v — u)27/'n. We define the radius of the associated outer horseshoe box B> (xX)
to be 2”! < u2~/1n. These asymptotic relations are chosen such that all three
of By(x;), i =1,2,3, are disjoint. We also construct a horseshoe (Bj, By) with
inner box Bj of radius C2"? containing both outer boxes By(x;), i =2, 3, and
with outer box Bj of radius 2" and disjoint from B,(x1). We finally construct
a large horseshoe pair (B1, By) with an inner radius Cu2~/'n and outer radius
C27/Tn such that B] contains all the previous outer horseshoe boxes. We have
three inner horseshoes, two of which are nested in a fourth horseshoe, and all four
of these are nested in a fifth horseshoe. See Figure 4. The confinement factors for
x; are 27/17Ji i =2, 3. Therefore, after the substitution A := v — u, we obtain an
estimate

I3 1a < Cen®/413¢

SR EE 5 e

J1=0j{=0 jo=j1 3=jou,A=2

(6.34)

In case (b) we change the three inner horseshoe pairs B (xi), By(x;),i=1,2,3,
as follows. We use the same asymptotic formulae 27 =< 27/in as in case (a) for
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By

FIG. 4. Horseshoe construction for the estimate of IlI3 1a.

the inner radii, and we still write 2" =< u2 /15 and 2*2 < (v — u)2~/1n, but now
define the outer horseshoe radii by changing the vertex at which the larger outer
box sits from x; to x3. Indeed, we now take the outer boxes By(x;), i =1, 2, to
have radii 2", and the outer box B;(x3) to have radius 2"2 such that all three of
these outer boxes are disjoint. Therefore, much as in case (a), by the substitution
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A :=v — u, we obtain

I3.1b < Cen?/4+3¢

X i jZl i i S Ay i i-T T

J1=0j{=0 ja=j1 3=j2u=2,A>u

(6.35)

Finally, in case (c) we still take xp € b, (X, j1, j2, j;) with some u > 2 but
now consider X3 € by (X2, j2, j3, ji) with some w > 2, where w ranges up to
order 272771, We again construct three inner horseshoe pairs BI(X,) By(x;),i =
1,2, 3. We again take the corresponding inner radii to be 2# =< 27/in. We take the
radii of the outer boxes By (X;), i =2, 3, to be 2¥3 < w225, so that, by the range
of w, this is asymptotically no larger than 27/1n. We take the radius of the outer
box By (x) to be 2”1 < u2~/1n. We choose the boxes subject to these asymptotic
formulae such that all three outer boxes are disjoint. We also construct a fourth
horseshoe (B], B2) with inner box Bj of radius C2"3 containing both outer boxes
By (x;), i =2, 3, and with outer box B; of radius 2"! that is disjoint from By (x1).
We finally construct a large horseshoe pair (B1, B>) with an inner radius Cu2 /n
and outer radius C2~/I'n such that B| contains all the previous outer horseshoe
boxes. Therefore, since the confinement factor for x3 is now instead 272773

I3 1c < Con®/413¢

X i jZI i i Z (uw) 22/ H (=31 =32=773)/4,

J1=0j{=0 jo=j1 3=jau=2,w=2

(6.36)

If instead we consider v < u in the original setting, we apply the same method but
with the roles of u and v switched. This completes our discussion of the case t = 1.

Consider next that r = 2. Say that j3 is the second root dual horseshoe index.
We let x; € b, (X1, j1, j2, ji') for some u > 2. We construct three horseshoe pairs
(B1(x;), Bo(x;)), i = 1,2,3, with inner radii 2 =< 2 Jin. We take the radii of
Br(x;),i =1,2,tobe 2" < u2 /15, but because x3 is now far from both x; and x»,
we construct the radius of the outer box B»(x3) to be 23 < 275n. As before,
we construct these three outer boxes to be disjoint. Finally, we construct a fourth
horseshoe pair (B, By) with inner box B of radius C2"! containing both outer
boxes Ba(x;), i = 1,2, and with outer box B, of radius 27/ I'n that is disjoint from
B> (x3). This is possible due to the separation of the dual indices, where u ranges
up to order 201t Therefore, since |b,| <27/1772, we have by (5.15) that

I35 < Con®/4+3

oo J1 fo'e) o) J3
x222 X X Z(M)_2+82j1*+j3*+(—3j1—7j2—7j3)/4.

N1=0jF=0 p=j1 j3=j2 jf=0u=>2

(6.37)
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We consider finally the case t+ = 3. This is the easiest case. It refers to widely
separated vertices. We construct three horseshoes B (x;), Ba(x;), i = 1,2, 3, with
inner radii 27 = 27Jin and outer radii 2 <2 7in, i =1,2,3, respectively.
Therefore, by (5.15), we obtain

1113’3 S an9/4+3€

o J1 o0 2 00 J3
XY Y > Z2jl*+j2*+j3*+(—7j1—7j2—7j3)/4.

=07 =0p=]1 =0 5=}z j5=0

(6.38)

This completes our discussion of the case 4 = 3 when r = 3.

7. The general case. We show in this section a two-fold argument for
establshing the general rth moment for the number of pivotal sites. The first part
of the argument is to isolate discussion of the (nonroot) vertices that are chained
to a given root. This is accomplished by utilizing Lemma 7 and its generalization
in Lemma 8, together with Proposition 1. Lemma 8 is required to handle the case
7 > 5. This part of the analysis does not require any horseshoe estimates. The
second part of the argument is to explain the general strategy for the construction
of horseshoes at root vertices, as well as the construction of nested horseshoes.

7.1. Nonroot vertices. We begin with an example to understand how to
generalize the argument of Section 6.1.1. Let T =5 and » = 1. Assume G| =
{x1, w1, w11, W12, w1 21}. Consider the following dichotomy:

either @) mi2>my+s514+2 or (@{A)my2<my+s1+2.

Define boxes Ry := B(wi,l1), for [} :=27"1"%1p and R := B(wWi2,11.2),
for [y, :=27"127%1p, and more generally, R; . . = B(Wi, i i), for
li. i =270y where s is the constant s := s + so for s =2c + 4 (see
Section 4) and some sy > 0 to be determined below.

We study first the generic case (i). Since wy 2 € am, ,(W1), we have that Ry » C
B(wi 2, 2_m1-2_2n) C R; while also wy ¢ B(wj 2, 2_m1»2_2n), so, in particular,
w1 ¢ Ry . Consider now the following subcases:

(al) mi 1 =mi+ s +2 or (bl)m1,1 <mi+s;+2,
@2) myp1=mip+s1+2 or (b2)myz1 <miz+s+2.

Consider first the generic joint subcase (al)-(a2) under case (i). By the very
same reasoning as given for (i), by (al), we have that B(wy i, 27ML"2p) C Ry
while also wy ¢ B(wy 1, 2_m1»1_2n), so, in particular, w; ¢ Ry ;. By the same
reasoning again under (a2), Rj21 C B(W1’2’1,2_’"1’2’1_2n) C Ry while also
Wi ¢ B(w1,2,1,2_m1-2-1_2n), so, in particular, wi 2 ¢ Rj2,1. Furthermore, by
Proposition 1, we have that Ry ; and R; > are disjoint. Hence, we have in all the
following picture: R1’271 C R1,2 C R and R171 C R; with R1’1 N R1,2 = . See
Figure 5. We note that the context of Lemma 7 may be generalized to the present
circumstance as follows.
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LEMMA 8. Let R = R(X) be a rectangle centered at X' with its shortest half-
side of length | > 1 and longest half-side of length L > 1 such that 1 < L/l <?2.
Let R contain a vertex x such that ||x — X'|| < 1/2. Suppose that R contains a
collection of boxes B; = B(y;, %), i =1,...,v, such that for every i, X ¢ B;.
Assume that any two of the boxes B; are either disjoint or one of them is contained
entirely within the other and that whenever box B; C Bj, the smaller box B; does
not contain the center y; of the larger box Bj. Denote V :={y;:i =1,...,v}
and Dy = Dy (X) := maxy,ev |yi — X|| and assume that } y cy M < éDv(x).
For any W C 'V such that B; C B;, for all y; € W and some y;, € V \ W,
denote also the maximal distance D (y;,) := maxy,cw |lYi — Yi,ll, and assume
that 3y cw 2M < 6i4DW(y,~0). Then the conclusion of Lemma 7 continues to hold.

Ri21

. wW1,1
wW1,2

Rll

Ry2

R

FI1G. 5. Configuration of boxes R;, ., in joint subcase (al)—(a2) under (i).

,,,,,
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The proof of Lemma 8 follows by induction on v and is an extension of the proof
of Lemma 7. To show first how to apply Lemma 8 for our construction, we work on
the current example. We begin with the assumption that we are in the joint subcase
(al)—(a2) of (i). Take R = Ry, x = w and v = 3, where the centers y;, i = 1,2, 3,
are the vertices V := {wj 1, w12, Wi2,1}. The boxes B; are the corresponding
boxes R;, ... ;, withradii M = l;,.....i, as above. We assume that sq is so large in the
definition of the radii of these boxes through the parameter s = s + so that we do
not need to shrink these boxes to establish the sum of diameters conditions. This
is possible since we do not change the positions of the vertices of G| (we do not
change s = 2c¢ 4 4), but only adjust the increment s so that the radii of the boxes
centered at these vertices change. In particular, for W = V, we have that the sum of
all the diameters of the boxes is at most 2727""1.275750y gsince both m1 2.1 > mq 2
and mj,; > m 2 while Dy (wp) > 2-m.2-2p g0 it suffices for this case to find S0
such that 8727°7%0 < 1. If instead W = {wy 1}, then Dy (w;) > 2-m11~2p while
the radius of the box Ry 1 is 271175750y, For the case W = {wj 2 1}, we subtract
to find

.....

Mya—2 Ay a— a3
Wi —will > [[Wia—wWill—[[Wi2—Wj o | >27"1272—27M.27¢ > 7.2

by our choice of ¢ in Section 4. Hence, again Dy (wy) > C27"1.2 > 6427"1.2.1751,
In summary, we can see that the sum of diameters condition for the maximal
distance Dy (wyp) is satisfied because, first, the quantity Dy (wp) is estimated
below by a constant times the distance |[w; — w ;|| (and this distance is at least
2_”’1’1’_2) for the maximal j > I such that some vertex wy j i, ., € W. Second,
the radius of each box whose center is in W is at most 271/ 75750 We shall
construct below a nested or disjoint boxes condition for each joint subcase referred
to above such that the boxes B; that will be contained in a given box B;, with
center y;, = Wo (or a rectangular variant of B;,) will correspond to centers that are
children of wy. Therefore, we see by the graphical structure of Section 4 that
the argument above for verifying the sum of diameters condition is independent
of the joint subcase. We fix the value of sy in the definitions of the radii /;; ._;, and
in the conditions (i), (ii), (al), (a2), (bl) and (b2). Thus, the disjoint and nested
relations of our joint subcase (al)—(a2) of (i) are preserved as in Figure 5 and
so we have verified the hypothesis of Lemma 8 for this case. We next verify the
conclusion of Lemma 8 for this case as well.

The induction hypothesis is the conclusion of Lemma 8 for some number of
boxes B;,i =1, ..., u, with u in place of v. The proof of the induction hypothesis
for v =1 in Lemma 8 is the same as the proof for v = 1 in the original statement
of Lemma 7 with 2*! in place of 2*1~! in (A.1). We establish the inductive step
of Lemma 8 for the current example. We construct a rectangle Ri, as in the
proof of Lemma 7, that has a center X such that [|X| — wi|| < %DV <1;/2 for
%DV < l~1 < %DV and Dy <. Let us assign indices by B1 = Ry,1, B» = R1 2
and B3 = Ry 2,1, so that B3 does not contain the center of B, and B3 C B;. By
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the proof of Lemma 7, all the boxes B; are either entirely inside or outside R..
Therefore, if one_ of By or B; does lie inside ﬁl, then because at least one other
does lie outside R}, we can apply the induction hypothesis applied to the rectangle
R} in place of R. So let us assume that there are no boxes B; inside R;. In this
case we proceed to construct a second rectangle R2 B(w12,r) inside Rj 2,
as in the proof of the initial case of Lemma 7 applied with R = R; > and with
r = |lwi2,1 — Wi12]|/4, so that B3 is disjoint from R,. That is, we apply the
induction step only to the context of a single box B3 inside the box R = Ry 2.
Explicitly, we have that

3
P(‘U4(W1; R)N < ﬂ U4 (yi; R)))

(7.1) o
< (Us(W1; R))P(Us(W1,15 R11))

x P(U4(0,27)) P(Ua(Wi.2: R2)) P(U4(0, 5r: 11 2/2)),

where 2% = 2M1.21751y and where if 24r > 1,2, we omit the last factor in
this inequality. If 24r < [, then the product of the last two factors in this
inequality is bounded by C P (74(0; /1 2/d)), as in the proof of the case v =1
of Lemma 7. Therefore, we obtain the desired conclusion of Lemma 8 for the
particular example.

Consider next subcase (al)—(b2) under (i). We still have the boxes B;, i =
1,2,3, as defined above, but now they may not satisfy the nested or disjoint
condition of Lemma 8. But, by (b2), m1 2 + s1 +5 + 2 > mj 2,1 + s. Therefore,
the boxes B(wj 2, 2-m2=s175=2y) and B(wi2,1,27™.217%,) are disjoint by
Proposition 1. Therefore, since this last box contains B3 (because s > s), in fact,
we may shrink the box Bj by the constant factor 27* to obtain a box Bé such
that now the boxes Bj, B}, B3 are mutually disjoint. Also, due to the geometric
series estimate ||wy 21 — Wil < 2-m2~1, we have by (i) that Bz C R;. Hence,
in fact, we may apply Lemma 7 with the B, in place of the B, and with By and B3
as before and still with R = R; to again reach the desired conclusion. This trick
must be modified in general. In subcase (b1)—(a2) under (i) we have that the boxes
B(w1,27™M~175"2y) and B; = B(wy,1,27"117%1p) are disjoint by (bl) and
Proposition 1, and, moreover, B3 is nested in B; by (a2). Further, by Proposition 1
applied to the trimmed graph G without the vertex wy 2 1, we have that B; and B;
are disjoint. To obtain a nested or disjoint condition, we apply the method of
Proposition 2 with w; playing the role of the root and B, = B(wj 2,27 "12751)
playing the role of a shrunken box, and with D = 27572 =27M—S175=2 Gipce
m12 > my, the diameter of the box B; is small compared with D, depending on
the parameter sg, so we may adjust this parameter upward if necessary to construct
a rectangle R with center X’ that satisfies ||[X' — w|| <[]/2, where R| has half
sides /{ and L} with 1 < L)/l{ <2 such that both B, and Bj lie either nested
together inside R] or nested together outside R/. Here in the method of proof of
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Lemma 7 we take D/10 <[ < D/5 so that R] C B(wy,l') C B(wy,275721)).
Thus, we obtain that B; lies outside R|. By working again with the method of
Proposition 2, this time with D = C2/1n, for any of the joint subcases, we may
enclose X1 by a suitable rectangle R, with shortest half-side / < 27J1n such that R}
satisfies a nested or disjoint condition with the other rectangles constructed thus
far. Now Lemma 8 is applied with x = x; and the rectangles contained by Ry, if
any such exist. If R] is disjoint from R(, then we apply Lemma 8 separately with
x = wj and the rectangles contained by R]. Thus, in each joint subcase organized
as above, there will exist a specific arrangement of boxes and rectangles with radii
given asymptotically by 271+~ n such that Lemma 8 will apply to disjoint pieces
of the arrangement. As shown in Section 6.1.1, we may alternatively choose to
apply Lemma 8 first with R = R/ and use that B(x1, 27"!"*n) is disjoint from R
and all other boxes by Proposition 1. However, it is convenient to use the more
general format with X = x; and R = R, for one application of Lemma 8 to obtain
the same result in all joint subcases, namely, by Lemma 2, that

(72)  pua(Xis.... Wi21) < Con™ P/AF3e30tmtmrdmotm 2)/4,

Hence, by using the confinement factors (3.12), by (7.2) and by constructing one
horseshoe at X1, we have that any sub-sum of X correspondingtor =5andr = 1
under the eight different joint subcase combinations is bounded by

o0 o
(73) C8n15/4+58 Z . Z 2j1*+(—7j|—3”11—3}111,2—3"11,1—3Wl1,2‘1)/4’

J1=0  mi21=mi2

where the intervening summations are indexed by the conditions 0 < jl* < Jj1,
m1 > j1,my12 > mjp and mq,1 > m1 2. In conclusion, since the confinement factor
for each vertex w;, ;€ Vi is of the form 22 i n?, we are able to establish a
convergent sum analogous to (7.3) for any graph G since we have shown that we
can take 2% =< 27 Milikp corresponding to the vertex w;, . ; in Lemma 8.

It remains to make some comments about the case when there is a second
graph G with root x,. We argued briefly in the lines preceding (6.7) of
Section 6.1.2 that, even with & = 1, there would exist a box B = B(x,, /) with
radius [ < 27/en such that B is disjoint from all the rectangles constructed as
above in Section 7.1 with centers or mock centers at vertices in G1. The argument
is based on the fact that if, in the construction of the vertices V| for G|, we obtain
m1 = ji + 2c, then of course since j. +4c+2 > ji +4c+2>m + 2¢c + 2, the
boxes mentioned in the line preceding (6.7) with x, in place of x3 are disjoint. If,
on the other hand, m| = j; + 2c¢ + 1, then, for all w;, _; € W with k > 2, we

.....

have
(74) ||W — X || < 2_jl_2C_l + 2-”’!1—C < 3. 2—j]—2C—2‘
Hence, again B(X., 2 /¢~%2p) is disjoint from B(w;, _;,2 "1k —22p),

This last statement continues to hold with k£ > 1 and i; > 2 since we may similarly
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argue for i > 2 that j; +c <m; < j1 +2c orm; > j; +2c+ 1. Therefore, we may
extend the analysis of (7.3) to the case of a second graph G, with an appropriate
horseshoe at the second root vertex X.. In conclusion of this section, we have
shown a convergent dyadic sum process up to the construction of horseshoes at
the root vertices.

7.2. Horseshoes. The remainder of the general argument is based on a pattern
of nonoverlapping horseshoes and the corresponding probability estimates that
provide for convergence factors in the pivotal case. We have shown in Section 6 a
parametrization of spacing between the root vertices provided by the definitions
of the root vertices, the root horseshoe vertices, certain bands dividing space
between nearby roots and the separation of dual horseshoe indices. These levels of
organization determine confinement factors associated to each root vertex in terms
of the dyadic indices j; and dual indices j*. In fact, there exists a sufficiently
large constant Cp in this parametrization such that as long as a root vertex xj
is not confined to belong to a set of vertices of size at most Co2~/n?, then a
horseshoe is constructed at this vertex. We have, in particular, that a horseshoe is
constructed at each root vertex x; such that its dyadic index j; does not satisfy
Ji < jrx < Jji + co for some root vertex x; with i < k and dyadic index j;, where
co is a constant positive integer. If indeed the condition j; < ji < j; + co does hold
and if in addition the vertex X; is in a horseshoe relation to X;, then the vertex x
is confined to belong to a set of vertices of size at most C2~%/in?. In this case a
convergence factor for this vertex is accounted for by its confinement factor alone.
This follows because the probability that a four-arm path issues from the center
of a box of radius 2° = 2~ Jn and then exits this box is at most Cp22/k/4p=/4+¢,
Thus, by multiplying the confinement factor by the probability and by substitution
of j; for ji due to the condition on these indices, we obtain the convergence factor
273Ji/* This situation is an exception wherein a horseshoe is not constructed for
lack of space. It represents an analogue of the confinement that is associated to
each nonroot vertex. Note, on the other hand, that additional horseshoes besides
those at roots may need to be constructed in general to fill in spaces between the
dyadic annuli in B(n). Such is the case because horseshoes are not allowed to
overlap. Therefore, if one vertex belongs to a band associated with another, then
the horseshoes associated to each can only grow so large (with equal outer radii).
Then a larger horseshoe containing both the horseshoes that have grown together
must be constructed as though the two vertices had become one (cf. Figure 4). We
can summarize this strategy by observing that a maximal number of horseshoes
is introduced for a given parametrization of spacing of root vertices. Due to the
nesting of two horseshoes with equal outer radii inside a single larger horseshoe,
the algebraic factors (e.g. v~2%¢) associated to the confinement of vertices in bands
remain always with exponents (—2 + ¢), so contribute only convergent terms in
our method. Due to this allowance for nesting of horseshoes, the additional dyadic
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convergence factors that arise from Lemma 5 compensate in exactly the same way
a confinement factor would if there were to be no room for a horseshoe.

In conclusion, each vertex in our estimation method for the pivotal sites, be it
a root or nonroot, contributes a convergence factor with the same exponent —%.
Thus, each arrangement of the vertices that defines a sub-sum J of X in
(4.1)~(4.2) by the above division of cases yields J < Cen?7/4H7€ 3% 2731/,
By contrast, when we apply our method to the case of items 1 or 2 in Theorem 1,
we omit the construction of horseshoes altogether. We also omit the need for
Lemmas 7 and 8. Then by Proposition 1 and Lemma 2 alone, the root vertices

and nonroot vertices contribute convergence factors with exponents —% and —%,

respectively, in the case of the lowest crossing and exponents —% and —%,

respectively, in the case of pioneering sites.

APPENDIX

PROOF OF LEMMA 7. We proceed by induction on the number of boxes v.
We establish first the statement of the lemma for v = 1. Define r := ||x — y || /4.
We have that

(A.1) B(x, r) is disjoint from B(y, 2“‘1),

Indeed, 241! < ||x — yill/2=2r.Notethat L > ||x —yi||=4r,sol > L/2 > 2r.
Therefore,

(A2) B(x,r) C B(x,l/2) C R,

where the last inclusion follows because ||x — x| <1/2 and B(x’,1) C R. Now we
use (A.1), (A.2), the assumption B(yq, 2*1) ¢ R and independence to obtain by
(2.5) and (5.20) that

(A.3) P(Us(x; R) N Ug(y1; R)) < P(U4(0, 7)) P(U4(0,24171y).

We consider now two cases, [ < 24r and [ > 24r. If | < 24r, then by Lemma 4
with k = 4, we have

P(U4(0,7)) < P(U4(0,1/24)) < C4P(T4(0,1/24))

so we are done by (A.3) in this case. If instead [ > 24r, then, since [|x —y || =4r
implies that

B(x,r), B(yi,r) C B(x, 5r)
and since also by (A.2) the annulus x + A(0, 5r;[/2) C R, we have that
P(Us(x; R) N Ua(yi; R))

(A4)
< P(U4(0, 7)) P(U4(0, 2417 1) P(U4(0, 57 1/2)).
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We now apply Lemmas 4 and 6 and construct connections across the annulus
x + A(0, r; 5r) to show first that

P(U4(0, 1)) P(Us4(0, 5 1/2)) < C4P(T4(0, r)) P(Ua(0, 57 1/2))
< CP(U4(0,1/2)).

Then we apply Lemma 4 again to establish that this last probability is at most
C'P(74(0,1/2)).

Therefore, by (A.4) and these last two observations, we have established the lemma
for v =1 in the case / > 24r. Thus, by comparing the two cases, we can take
d =24 and ¢; =1 in the statement of the lemma when v = 1.

We now proceed to show the inductive step. Assume the statement of the lemma
is true with a positive integer u in place of v for some u < v and with v > 2. Define

Dy := max |y; —x|.
i=1,...,v

Note that [ > L /2 > D, /2, so that B(x, %Dv) C B(x,1/2) C R. Consider now the
shrunken boxes Bl-/ = B(yi,2ki_3”), i=1,...,v. Since D, > 2% for all i, we
have that the sum of the diameters of these boxes satisfies

v
23 247 < 29D, 27 < LD,
i=1

for all v > 2. Therefore, even if all the shrunken boxes were packed inside the
subset B(X, %Dv) of the rectangle R, there would be a gap in the z; coordinates
of the vertices z € B(X, %DU) somewhere in the interval [x; + %Dv, x1 + éDv]
and also in the interval [x| — %Dv, x| — I—IODU], where we denote x = (x1, x2).
Indeed, each of these intervals has width %Dv which is strictly greater than the
sum of the diameters of the boxes Bi’ . Similarly, there must be gaps in the z»
coordinates of the vertices z € B(X, %DU) somewhere in corresponding intervals
for the second coordinate. Therefore, by constructing a rectangle with sides along
some vertical and horizontal lines through the gaps in these intervals, we have that
there exists a rectangle R:=R X') C B(x, %Dv) C R with shortest and longest

half-sides 7 and L, respectively, satisfying L/T <2 such that its center satisfies

IX —x| < %Dv <17/2 and such that a certain proper subset {B ..., B] } of the

set of shrunken boxes lies entirely inside R and the others lie entirely outside R.To

see that the subset will be proper so that the number « <3 v, n?te that if the index ig
—3v

yields the maximum in the definition of D,, then 2*ig < gaDv so that

B(yiy, 2" )N B(x, 1D,) = 2.
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We now apply the inductive hypothesis with u < v. First we note that for all 7,
Bl-/ C B(x, 121) since 12 > %DU. We consider again two cases. If 12/ <1/8, then
by this construction, we have that

P<u4(x; R)N (ﬂ Us (yi3 R)))

i=1

u
(A.5) < P(w(x; R)N ( () Ualyi,: R)))
a=1
x P(Us(0, 1213 1/2)) [T P(U4(0,2% 7).
i#ig
If instead 12 > | /8, we omit the factor P (U4 (0, 121; 1 /2)) in this inequality. By
the induction hypothesis, we have that

P(‘u4(x; R)n < ﬁ Ua (i, E)))
a=1

u

< Cw)P(74(0;7/dw))) [T P(U4(0, 2%a=1®)),

a=1

We take now the constants d(u) := 96" and c|(#) := 3u. Thus, 1£ 12 > 1/8, we
are done by this last inequality and (A.5). If, on the other hand, 12/ <[/8, then we
estimate by Lemmas 4 and 6 that

P(T4(0; 1/d(u))) P(U4(0, 12;1/2)) < CP(U4(0,1/2)) < C'P(74(0,1/d (v))).

This completes the proof of the inductive step and therefore of the lemma. [J
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