
Pr"f#te	 f)t~M .fv, E")(tAw. j.F.lrlOot 
Name SUL l.J TI 00 SMath 414 • • Abrams 

Show all your work. No credit will be given for answers which are not accompanied by supporting 
computations. Make sure your notation is clear and precise. Use the back of the sheet if you need more 
space. Circle answers when appropriate. Good luck! 

1. (3 pt total) Define precisely. A group (G, *) is 

2. (5 pt total)	 Let G be any group, and let g be an element of G. 

a. Define precisely the subset < g > of G. <;'. I :::;J.. l 
I 3~ -i t-	 u" 5 

b. Prove that < g > is a subgroup of G. us..e S L110 j.(() v~ ~~ • 

CD Clos LIre.. f\(~ 'X'd f <~). ~. ?<:=:'!F d:::zr fur 
)~)\;,._{? i I j t ~ );1 (V-{h	 D'F <"j ) So ~ 'V) -::- q'; J j == J 1-/) 

i 77 . U OCJ( .c (1) ~ 1N G-~ {--{ e ..,.. 
~	 J 

® e·- ,"llo S'o e6 <3> 
u '. '"Jl -f_i.,

tf 1< ( <:().., ~~ :::I: ,oJ' $ ~ ~ 6_ 7J-' ~"" 'X : J 
rr.t#>l j~J·1:-; CJD:. ~) (lv-"v q 'I f<j)/ jJa /X-'E-<j'>. 

c.	 For the particular case G = Z6, find< 5 >. / ()
 
~ 0) r:; / Lv) I 'S, "l. 0 I L- r'~ := i ()Iii '1/ "5 / z ;1} =$6.
 

3. (5 pt total) Let a = (1,2,4)(2,8,7,6,1)(4,9) in S9. 

a, Write a In its 'longhand' fonn, a - ( ; ~ ; ; ; ~ z; t ) 
b. Write a as a product of disjoint cycles. 

( / I If, q )C2 J g-, 7; b) 
c.	 Write a as a product of transpositions.
 

( (,1 ) (I! If) (2/ 6 )(2 /7 ) (2/ D)
 

d.	 T LV a E A9. S/'1 U!_ 0( '5 T"U!.. IV u dU L'/ if{ ~. Ot:i.:,!
 
·1 (II' c:: ) /l·I· -~ "'f .j <..,


~,j :·i?r /;:..S!J ~::,) <-4-f. l	 y ......~\ (J) 051 . l .~.' l\.~~ 
'-' . ,I \	 I 
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4. (4 pt total) The group D8 . .... 

a. 1081 = '2' g .:-.:- /6 
b. If we view D8 as a subgroup of S8 in the usual way, what is the permutation that corresponds to 

"rotate through 90 degrees counterclockwise"? Give your answer in 'longhand' permutation form. (You 
can label the vertices of the regular octagon counterclockwise.) 

I '2_:; !of 5" & 7~)
 
( "3 't S- c~ ..., 8 I '")- /
 

c. If we call the permutation in the previous question a, what is the order of a in D8? 

~;'''1,e··I(:(ttl2) L1-S C(Q4r ~-f f:)(cr)=lf-" U~~-f'(4", rf-JD (Yt'.V\L 

,;;f () l-d 
d. Find cr-I . Give your answer in 'longhand' permutation form. 

I (1- 3­ y 5"(,7£ \er- l 
== cr' S \v'\~. e([)=-Y.	 0-- 1 - I 

\.,.7 g 2- 3 ttrt<r J:: v ~ l a.-\"f fh. r u ..... j ~ ';) 7o() 5t>	 ) 
e. Find a POSITIVE integer t with the property that a-I = crt. 

/ \ 
~t~..~.j (?H'" tv -'d f 't 0 ~ lR~) 

5. (5 pt total) Let n be any positive integer. 
a. Define precisely what it means for an element a of SII to be even. 

<T.	 (11.'- .~e W.Jlt!~~ tVJ ~ pr~d!l.c1 ~:{- ~1-\ ~v.t<·\,
 
,/
 

J.-)
 



6. Short Answer. 

a. (1 pt) In the course of a proof you write the sentence "We must show that the operation is 
aSsoci~e .• Which of these two statements are you proving? (Circle one) 

(i) The set G with binary operation * is a group. 

Ii) The subset H of the group G is a subgroup. (~) C~~.tre1l-iw ~~"1 ~tJ ~t 
~ . ef-~ ~ oj ~ " v p. 

b. (2 pt) Give an example of an infinite abelian group which is not cyclic. Justify why the group is not 

cyclic. ( e;\)-+). A"'/ or dl£- 5~ Lr .. ~ IM. ... st /.J-,Nf.. PlAt s~ llf I< 

"jha.. ~'*, of' g'l. h.,f t'" '+"'-''-'1, If ?(;;' v1$ ~ ~:=. f,'" r..1<t 
Is ji..t.. Pf\~ f,tdw I 3a-h..,...1 s, j\Lo fN 1 ~ f""~ +-vtJl~~'fu " 

c.	 (2 pt) Find the order of (1,2,5)(2,3) in Ss. ()./Vv\, b' (~\ ~ 1- 1/'b '!h <. t""1 ) _(I" S l.f 5) <J f' "r I ~.(( j '2. I r )(2( ~) -1- ~ S ~ t 

-:=.. (1,1.,1,S"). So ~- ""br (s G) 
7. (7 pt total) Let G be the group of 2 x 2 matrices with real entries having nonzero determinant, with 
matrix multiplication as the operation (Le., G = GL(2, R). ) Let H = {A E G I A is lower triangular, and 
det(A) = ±1}. 

(a) Write down three specific elements of H. ~!. a r Q. 00 IN- tA "'1 cL f c.Jl,{) • 

( ( () ) (~l CJ) (f 0)
..2.,~, l.,:.;! (.) \. 7- -t ) ." 

..../ 

(b) Prove that His a subgroup of G. [I~ ..on\.r2 5tJ·'(S" b\.V~ f1e-':lO /tv-. . . 

L '* ~ ,): c. +t. 1k fr" d~ ,,( o{ Z. .1l.W'.j}" ""..iJ' lW G) 

.) (2;.-- n r I !A 2.J.M,~ .. I\D St1Q.;f. {~5"" ow d\(P<..-IlL].' )\/ A· 11
 

)i.:Ov·....... r ..u) 1 "'\ j
 

of J ()) b-t (A 8» ""- Jg;t(A) ·\u.:U~) "'" (:t f)ttJ) '" ±1- . 
~D A-B € -H. 

e ~ C~ bl) VA (T 

$t> e ~. t+· 
~t /~E t+. S~LR kJ (A·) ==- ±1- ~ ~. ~_ It-I ~,)< ,"$ 'fi' 
(/~~"'"" '-~ ll9-1 (A ) {D ) . k.+ (f'):'~ 1da-i (A) =' ~') := ±..1­
AIs 6 } '[\Q /;v\ vJJ..Jy rr{

\ 
Ltrw-';r.A \}AAf,t ''I h·"u<r!J.Q	 Lo 

( L.-l ~ A- \S) .	 A-t E H' 

~P f+ ~ ~. 
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8. (1 pt each) a. Let G be any group. Define precisely what it means for the element a of G to be a 
generator of G. 

b. List all the generators ofthe group (Z,+). 

c. List all the generators of the group (Z9, +). 

d.	 Give an example of a group which contains no generators. 'I 

( /1'l) V"""'" ~ (' a J (' I (») ()) (-I _0 ) 
f)·f-e .-, 1',	 (

~) +	 _ -"] (j \ 0 lo - 0')I I 
- i- ) J ) 

9. (5 pt total) (a) Let (G, *) be a group. The identity element e of G is a solution to the equation x 2 = x, 
since e2 = e.' Prove that e is the ONLY solution to this equation in G. 

A-s 5~{;~\--e f ~ (1 kM f 7- :: f . Sk'!r~" f:: e. . 
F?t.'.-1 f'2. ::- f, f~ rf~' \M f- I 

Ul'v bDTh: f-If 1- ::: f-'f 
)0 f~ -::-- s:o f:~1 "€. 

(b) Give an example of a group G, and an element a E G, for which a=/; e, and a is a solution of the
 
.equation .x 3 = .x.
 

]:1N 7Jlf) d- i- "J.- +- J- ;:: J... 0'(' ~ (cr .) (-()~ =: -f. 
) ) .' 

10. ((P.S1ach) True I False. 
a~ F An infinite group G could possibly contain a subgroup Hwhich has onj finitely many
 

elemes. ie~ al\Vc4f wtr/leJf pr e.1j, (~) ~ l(("f ,)

J
 

b.@ F The group 53 is not abelian.
 

c@.) F D4 is a subgroup of S4. 

,"r",
 
d.f(T) F For any finite group G and any elementgof G, these three numbers are equal:
 

"--",-If' 

(i)	 The order of g (ii) 1< g >1 (iii) The smallest positive integer r for which g' = e. 

e.	 T @ If Gland G, are groups, and IGd = [G,/. then the groups GI and G, are Isomorphic. h 
:.-" 12 .9' (~6 I:: {~) , -::: (, (7 k r ii, I 5s 4 fe.- l-\ 0t- (.s ~,f}"\t iN pIC-­

f. (~!..) F On the se~ of rational numbers Q we define a binary operation * by setting t * 7 = ~. 
Then * IS a well defined binary operation on Q. 

g.(£) F If G is a group which contains at least two elements, then G contains at least two unequal 
Subgroups. 

~e	 ~ cv/.lQ G, 
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