Fall 10“ Practice €xam for Exam 1
Math 414 Gammmali Abrams . Name SULUTl o) €

Show all your work. No credit will be given for answers which are not accompanied by supporting
computations. Make sure your notation is clear and precise. Use the back of the sheet if you need more

space. Circle answers when appropriate. Good luck !

1. (3 pt total) Define precisely. A group (G, *) is So v P S

2. (5pttotal) Let G be any group, and let g be an element of G.
a. Define precisely the subset < g > of G. e ’
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c. Forthe partncularcaseG Zs, fi f'nal <5> _
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3. (5pttotal) Leta = (1,2,4)(2, 8,7,6,1)(4,9) in Ss.

a. Write ¢ in its longhand’ fom. a=| @ 2 3 43
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b. Write a as a product of disjoint cycles.
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c. Write a as a product of transpositions.
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4. (4 pttotal) The group Ds.
a. |Dg| = 2 6/ :"::» /6

b. If we view Dy as a subgroup of Ss in the usual way, what is the permutation that corresponds to
"rotate through 90 degrees counterclockwise"? Give your answer in 'longhand’' permutation form. (You
can label the vertices of the regular octagon counterclockwise.)
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c. If we call the permutation in the previous question o, what is the order of o in Dy?
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d. Find o~'. Give your answer in 'longhand’ permutation form.
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5. (5 pt total) Let n be any positive integer.
a. Define precisely what it means for an element o of S, to be even.
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b. As usual, we let 4, denote the subset of S, consisting of the even permutations. Prove that 4, is a
subgroup of S,,.
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6. Short Answer.

a. (1 pt) In the course of a proof you write the sentence "We must show that the operation is
assocu‘ve Which of these two statements are you proving? (Circle one)

The set G with binary operation « is a group.
i) The subset H of the group G is a subgroup.
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b. (2 pt) Give an example of an infinite abelian group which is not cyclic. Justify why the group is not
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7. (7 pttotal) Let G be the group of 2 x 2 matrices with real entries having nonzero determinant, with
matrix multiplication as the operation (i.e., G = GL(2,R).) Let H = {4 € G | A is lower triangular, and
det(4) = £1}.

(2) Write down three specific elements of H. ’)\Af& dre Oo Wb V\" Cﬂ'\a (29-
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(b) Prove that H is a subgroup of G. [/g “" SMC DLbI;/LZ‘*fQ
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8. (1 pteach) a. Let G beany group. Define precisely what it means for the element a of G to be a
generator of G. oo
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b. List all the generators of the group (Z,+). 3 [ - {
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c. List allthe generators of the group (Z, +). ;L,l 7 Lf S 7 8 %
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d. Give an example of a group which contains no generators.
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9 (5 pt total) (a) Let(G,*)beagroup. The identity element e of G is a solution to the equation x? = x,
since e¢* = e. Prove that e is the ONLY solution to this equation in G.
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(b) Give an example of a group G, and an element a € G, for which a + ¢, and a is a solution of the
.equation x? = x.
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10. ( ach) True/ False
a@ F Aninfinite group G could possibly contain a subgroup A which has only finitely many
elements.
e e el e
b. C) F The group S; is not abelian.

c@:i F D, is a subgroup of S;.

d./{T./ F For any finite group G and any element g of G, these three numbers are equal:
(i) Theorderofg (i) < g>| (i) The smallest positive integer r for which g” = e.

e. TO If G, and G, are groups, and |G1] = |Ga], then the groups G, and G, are isomorphic. }‘
re
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f. T' F On the set of rational numbers Q we define a binary operation * by setling £ * £ = &<,
Then x5 a well defined binary operation on Q.

g.@ F If G is a group which contains at least two elements, then G contains at least two unequal

subgrotips. Seq .l G 4




